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Abstract

In recent years, designing algorithms for geometric or combinatorial optimization
problems over stochastic data have attracted more and more research interest. In
this dissertation, we consider two well-known stochastic geometry models. One is
the existential model where each point’s location is fixed but only occurs with a
certain probability. The other one is the locational model where each point has a
probability distribution describing its location. Both stochastic geometry models
have been widely studied in recent years. In this dissertation, we mainly focus on the
following problems, coreset construction for shape fitting problems and estimation for
combinatorial optimization problems on these stochastic geometry models.

The first problem concerns with a useful technique for handling large determinis-
tic datasets, called coreset. Roughly speaking, a coreset is a small summary of the
original large dataset while guaranteeing that answers for certain queries are prov-
ably close to the exact answer of corresponding queries. In this dissertation, we
study how to construct coresets on stochastic models. We first extend the concept
e-kernel coresets to stochastic data. We consider approximating the expected width
(an e-EXP-KERNEL), as well as the probability distribution on the width (an (e, 7)-
QUANT-KERNEL) for any direction and show how to construct such coresets efficiently.
Then we consider two stochastic shape fitting problems, stochastic k-center and s-
tochastic j-flat-center. We propose a new notion called generalized coresets, which is
a generalization of coresets. We also provide a framework for constructing generalized
coresets of constant size for both the stochastic k-center problem and the stochas-
tic j-flat-center problem. Using these generalized coresets, we give the first PTASs
(polynomial time approximation schemes) for both stochastic shape fitting problems.

Secondly, we study the problems of computing the expected lengths of sever-
al combinatorial or geometric optimization problems in stochastic geometry models,
including closest pair, minimum spanning tree, k-clustering, minimum perfect match-
ing, and minimum cycle cover. Most of the above problems are known to be #P-hard.
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In this dissertation, we propose two new techniques, called finding stoch-core and Hi-
erachical Partition Family (HPF). Combining our new techniques and Monte Carlo
method, we obtain the first FPRAS (Fully Polynomial Randomized Approximation
Scheme) for most of these problems in stochastic geometry models.

Dissertation Supervisor: Assistant Professor Jian Li
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CHAPTER 1. INTRODUCTION

Chapter 1 Introduction

In recent years, stochastic data are pervasive in applications. Managing, analyzing
and optimizing over such stochastic data have become an increasingly important issue
and have attracted significant attentions from several research communities includ-
ing theoretical computer science, databases, machine learning and sensor network-
s [29, 35, 100]. Theoretically, any deterministic combinatorial or geometry optimiza-
tion problem has many uncertain counterparts (corresponding to different uncertainty
models). A variety of classic problems in deterministic setting have been well stud-
ied, while systematic studies of them under uncertainty have only been initiated. For
example, suppose we want to build £ facilities to serve a set of uncertain demand
points, and our goal is to minimize the expectation of the maximum distance from
any realized demand point to its closest facility. This problems is called stochastic
k-center which is first considered in this dissertation. Estimation and solving opti-
mization problems over stochastic models and data have recently attracted significant
attentions in several research communities (see e.g., [96, 100, 102]).

In the following, we list some application examples to exemplify where the stochas-
tic data comes from, and what types of stochastic data we may encounter, see [79]

for more examples.

1. Stochastic shortest path. Consider a traffic problem where we want to
arrive at the airport before a specific time. There are several paths leading to
the airport. In deterministic setting, each road costs a certain time. Our goal
is to find a shortest path which minimizes the travel time. However in reality,
we often know the distribution of the travel time of each road rather than the
exact time. In this stochastic setting, we want to pick a path that maximizes
the probability we can arrive at the airport on time. This problem has been

considered a lot since the 1980s [18, 78, 81, 86, 90, 91].
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2. Fixed set stochastic knapsack. The knapsack problem is a classic scheduling
problem. One natural motivation is as follows. Suppose we are given a series
of jobs and a single machine. Each job has a processing time and a profit.
Our goal is to pick a subset of jobs which can be finished by a single machine
one by one before the deadline and to maximize the total profit of these jobs.
However, the processing time of each job is often random and follows from an
individual distribution. So a stochastic variant of this problem is called the
fixed set stochastic knapsack problem. We still want to choose a set of jobs
to maximize the total profit. Since the processing time is random, we have
an additional constraint that the probability that finishing all jobs before the
deadline is at least some fixed constant v > 0. In previous work, many groups
of researchers have studied different distributions, including Bernoulli [50, 75],

exponential [50] and Gaussian [52].

3. Adaptive stochastic process. Note that the solution is chosen in advance
for the above two examples. The adaptive variants of these problems have also
been studied extensively. For the adaptive stochastic shortest path problem, we
know the exact travel time immediately when we pass through a road. Thus,
adaptively choosing the following path may increase the probability that we

arrive the airport before the deadline.

Similarly we can consider adaptive policies for stochastic knapsack. In fact,
researchers studied a more complicated version where the processing time is
also random, and the precise values of the processing time and the profit are
revealed when the job is completed. The goal is to gain as much profit as
possible. Dean et al. [33] initially studied this problem and proposed a greedy
algorithm. Later on, [24, 81] considered the same problem and improved their

results.

Many other adaptive stochastic problems have been well studied, such as adap-

tive stochastic matching [17] and adaptive stochastic probing [107].

4. Stochastic geometry. Theoretically, all deterministic computational geom-
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etry problems have natural stochastic counterparts. We take the following s-
tochastic variant of the facility location problem as an example. Suppose we
want to build & facilities to serve a set of uncertain demand points (i.e., their
locations are random), and our goal is to minimize the expectation of the maxi-
mum distance from any realized demand point to its closest facility. A variety of
classic geometry problems in deterministic setting have been well studied, while
systematic studies of them in different stochastic models have been initiated in
recent years. Munteanu et al. [88] studied the stochastic minimum enclosing
ball problem in fixed dimensional Euclidean space and gave a PTAS. In this

dissertation, we also studied some fundamental problems in this area.

In this dissertation, we focus on two well-known stochastic geometry models: the
locational uncertainty model and the existential uncertainty model. Both models
have been studied extensively for a variety of computational geometry optimization
problems or combinatorial optimization problems, such as closest pairs [70], nearest
neighbors [5, 70], minimum spanning trees [65, 71], convex hulls [101], maxima [2],
perfect matchings [65], clustering [30, 53] , minimum enclosing balls [88] and range
queries [1, 4, 80]. We give the formal definitions of these two stochastic geometry

models as follows.

1. Locational uncertainty model: We are given a metric space P. The location of
each node v € V is a random point in the metric space P and the probability
distribution is given as the input. Formally, we use the term nodes to refer

to the vertices of the graph, points to describe the locations of the nodes in

the metric space. We denote the set of nodes as V = {vy,...,v,} and the
set of points as P = {s1,...,8,}, where m = |V| and n = |P|. A realization
r can be represented by an m-dimensional vector (ry,...,7,) € P™ where

point r; is the location of node v; for 1 < i < m. Let R denote the set of
all possible realizations. We assume that the distributions of the locations of
nodes in the metric space P are independent, thus r occurs with probability

Prr] = [licjn) Poiri» Where pys represents the probability that the location of
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node v is point s € P. The model is also termed as the locational uncertainty

model in [T1].

2. Existential uncertainty model: A closely related model is the existential uncer-
tainty model where the location of a node is a fixed point in the given metric
space, but the existence of the node is probabilistic. In this model, we use p;,
to denote the probability that node v; exists (if exists, its location is s;). For
simplicity, we also use p; to represent p,,. A realization r can be represented by

a subset P C P and Pr[r] =[], cppi H8i¢P(1 — Di)-

Now, we introduce and motivate two classes of problems in this dissertation: core-
set construction and estimating the expected values of combinatorial optimization

problems over stochastic data. We also briefly state our contributions one by one.

1.1 e-Kernel Coresets over Stochastic Data

Given a large dataset P and a class C' of queries, a coreset S is a dataset of much
smaller size such that for every query r € C, the answer r(S) for the small dataset
S is close to the answer r(P) for the original large dataset P. Coresets have become
more relevant in the era of big data as they summarize large datasets by datasets
with potentially much smaller size, and at the same time guarantee the answer to
certain classes of queries to be close to the true answer. The notion of a coreset was
studied in the directional width problem (in which a coreset is called an e-kernel) and
several other geometric shape fitting problems in the seminal paper [7].

We introduce some notation and briefly review the definition of e-kernel. For a
set P of deterministic points, the support function £(P, ) is defined to be f(P, i) =
max,cp (i, s) for @ € RY, where (.,.) is the inner product. The directional width of P
in direction u € R?, denoted by w(P, @), is defined by w(P, %) = f(P, %) + f(P, ).
It is easy to see that the support function and the directional width only depend
on the convex hull of P. A subset Q C P is called an e-kernel of P if for each

direction @ € RY, (1 — &)w(P, @) < w(Q, @) < w(P, ). For any set of n points, there
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is an e-kernel of size O(e~(¢=1/2) [7, 8], which can be constructed in O(n 4 ¢~(@=3/2))

time [26, 88].

Our contribution. (Chapter 4) Our main results can be summarized as follows:

1. Suppose P is a set of stochastic points (in either the existential or locational
uncertainty model). Define the expected directional width of P in direction u
to be w(P,u) = Epplw(P,u)], where P ~ P means that P is a (random)
realization of P. We first consider how to construct e-EXP-KERNEL which is

defined as follows:

Definition 1. For a constant ¢ > 0, a set S of (deterministic or stochastic)

points in R? is called an e-EXP-KERNEL of P, if for all directions @ € RY,

(1 —e)w(P,u) <w(S,u) <w(P,u).

Our first main result is that an e-EXP-KERNEL of size O(e~(471)/2) exists for
both existential and locational uncertainty model and can be constructed in

nearly linear time.

Theorem 2. P is a set of n uncertain points in R? (in either locational uncer-
tainty model or existential uncertainty model). There ezists an e-EXP-KERNEL
of size O(e=4=1/2) for P. For existential uncertainty model (locational uncer-
tainty model resp. ), such an e-EXP-KERNEL can be constructed in O(e~@Ynlogn)

time, where n is the number of points (possible locations).

The existential result is a simple Minkowski sum argument. We first show that
there exists a convex polytope M such that for any direction, the directional
width of M is exactly the same as the expected directional width of P (Lem-
ma 16). This immediately implies the existence of a e-EXP-KERNEL consisting
O(e~14=Y/2) deterministic points (using the result in [7]), but without the subset
constraint. The Minkowski sum argument seems to suggest that the complexi-

ty of M is exponential. However, we show that the complexity of M is in fact
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polynomial O(n??~2) and we can construct it explicitly in O(n**~1logn) time

(Theorem 20).

Although the complexity of M is polynomial, we cannot afford to construct it
explicitly if we are to construct an e-EXP-KERNEL in nearly linear time. Thus we
construct the e-EXP-KERNEL without explicitly constructing M. In particular,
we show that it is possible to find the extreme vertex of M in a given direction in
nearly linear time, by computing the gradient of the support function of M. We
also provide quadratic-size data structures that can calculate the exact width

w(P, ) in logarithmic time under both models in R? (Section 4.9).

We also show that under subset constraint (i.e., the e-EXP-KERNEL is required
to be a subset of the original point set, with the same probability distribution
for each chosen point), there is no e-EXP-KERNEL of sublinear size (Lemma 25).
However, if there is a constant lower bound § > 0 on the existential probabili-
ties (called S-assumption), we can construct an e-EXP-KERNEL of constant size

(Theorem 26 and Section 4.6).

. Sometimes it is useful to obtain more than just the expected value (say of the
width) on a query; rather one may want to return (an approximation of) a
representation of the full probability distribution that the query can take. So

we also consider the construction of the following (e, 7)-QUANT-KERNEL.

Definition 3. For a constant e,7 > 0, a set S of stochastic points in R? is

called an (¢, 7T)-QUANT-KERNEL of P, if for all directions @ and all x > 0,

Prp.p [w(P, u) < (1—5)x] —7 < Prg.s [w(S, u) < x] < Prp.p [w(P, ) < (1+e)z|+T.

Now, we describe our main results for (¢, 7)-QUANT-KERNELs. We first propose
a quite simple but general algorithm for constructing (e, 7)-QUANT-KERNELS,

which achieves the following guarantee.

Theorem 4. An (,7)-QUANT-KERNEL of size O (772e73@=D/2) can be con-

structed in O (m"zs_(d_l)) time, under both existential and locational uncer-

6
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tainty models.

The algorithm is surprisingly simple. Take a certain number of i.i.d. realiza-
tions, compute an e-kernel for each realization, and then associate each kernel
with probability 1/N (so the points are not independent). The analysis requires
the VC uniform convergence bound for unions of halfspaces. The details can be

found in Section 4.3.1.

For existential uncertainty model, we can improve the size bound as follows.

Theorem 5. P is a set of uncertain points in RY with existential uncertain-
ty. There exists an (e,T)-QUANT-KERNEL for P, which consists of a set of
independent uncertain points of cardinality 5(5*(‘1*1)7*2)}. The algorithm for

constructing such a coreset runs in a(n logo(d) n) time.

We note that another advantage of the improved construction is that the (g, 7)-
QUANT-KERNEL is a set of independent stochastic points (rather than correlated
points as in Theorem 4). We achieve the improvement by two algorithms.
The first algorithm transforms the Bernoulli distributed variables into Poisson
distributed random variables and creates a probability distribution using the
parameters of the Poissons, from which we take a number of i.i.d. samples as
the coreset. Our analysis leverages the additivity of Poisson distributions and
the VC uniform convergence bound (for halfspaces). However, the number of
samples required depends on A(P), so the first algorithm only works when A\(P)
is small. The second algorithm complements the first one by identifying a convex
set K that lies in the convex hull of P with high probability (K exists when \(P)
is large) and uses a small size deterministic e-kernel to approximate K. The
points in K = P\ K can be approximated using the same sampling algorithm
as in the first algorithm and we can show that A\(K) is small, thus requiring only
a small number of samples. Our algorithm can be easily extended to R? for any
constant d and the size of the coreset is 5(7"25_(d_1)). In Section 4.3.2, we show

such an (g, 7)-QUANT-KERNEL can be computed in O(npolylogn) time using an
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iterative sampling algorithm. Our technique has some interesting connections
to other important geometric problems (such as the Tukey depth problem) [87],

may be interesting in its own right.

3. The notion (g, 7)-QUANT-KERNEL is also not powerful enough for certain shape
fitting problems (e.g., the minimum enclosing cylinder problem and the mini-
mum spherical shell problem) in the stochastic setting. The main reason is the
appearance of the lo-norm in the objective function. So we need to be able to
handle the fractional powers in the objective function. For a set P of points in
R? the polar set of P is defined to be P* = {@ € R?| (i, s) > 0,Vs € P}. Let
r be a positive integer. Given a set P of points in R? and @ € P*, we define a
function

1/r

o SN I /
T(P, ) = max(d, s) /" — min(d, s) "

We only care about the directions in P* (i.e., the polar of the points in P) for
which T,.(P,@),VP ~ P is well defined.

Definition 6. For a constant € > 0, a positive integer v, a set S of stochastic

points in R? is called an (¢, 7)-FPOW-KERNEL of P, if for all directions @ € P*,

(1 = OEpuplT(P,0)] < Epns[TH(P.0)] < (1+2)Epep[T(P, D).

For (e,7)-FPOW-KERNELS, we provide a linear time algorithm for constructing
an (e, 7)-FPOW-KERNEL of size O(¢~"""+2) in the existential uncertainty mod-
el under the [-assumption where each point is present with probability above
(. The algorithm is almost the same as the construction in Section 4.3.1 except

that some parameters are different.

Theorem 7. (Section 4.4) An (¢,7)-FPOW-KERNEL of size O (e~ can be

rd—r+4)/2)

constructed in O (ns_( time in the existential uncertainty model under

the B-assumption.

4. Finally, we show that the above results, combined with the duality and lineariza-
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tion arguments [7], can be used to obtain constant size coresets for the function
extent problem in the stochastic setting, and to maintain extent measures for

stochastic moving points.

Using the above results, we also obtain efficient approximation schemes for vari-
ous shape-fitting problems in the stochastic setting, such as minimum enclosing
ball, minimum spherical shell, minimum enclosing cylinder and minimum cylin-
drical shell in different stochastic settings. We summarize our application results

in the following theorems. The details can be found in Section 4.5.

Theorem 8. Suppose P is a set of n independent stochastic points in R? un-
der either existential or locational uncertainty model. There are linear time
approzimation schemes for the following problems: (1) finding a center point
¢ to minimize Elmaxgep ||s — c||]; (2) finding a center point ¢ to minimize
Elobj(c)] = E[maxsep ||s — ¢||*> — mingep||s — c||?]. Note that when d = 2 the
above two problems correspond to minimizing the expected areas of the enclosing

ball and the enclosing annulus, respectively.

Under [-assumption, we can obtain efficient approximation schemes for the

following shape fitting problems.

Theorem 9. Suppose P is a set of n independent stochastic points in R?, each
appearing with probability at least B, for some fized constant § > 0. There
are linear time approzimation schemes for minimizing the expected radius (or
width) for the minimum spherical shell, minimum enclosing cylinder, minimum

cylindrical shell problems over P.

1.2 Coreset Construction for Shape Fitting Problems over

Stochastic Data

We study two classic geometric optimization problems, the k-center problem and the
j-flat center problem in Euclidean spaces. Both problems are important in geomet-

ric data analysis. We generalize both problems to the stochastic settings. For the
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stochastic k-center problem, we would like to find £ points in a fixed dimensional
Euclidean space, such that the expected value of the k-center objective is minimized.
For the stochastic j-flat-center problem, we seek a j-flat (i.e., a j-dimensional affine
subspace) such that the expected value of the maximum distance from any point
to the j-flat is minimized. One of the motivations for this stochastic version comes
from the stochastic variant of the /., regression problem. We still want to construct
coresets for these two shape fitting problems.

In the following, we first define the two stochastic shape fitting problems. Then

we briefly introduce our contributions and techniques.

Stochastic k-Center. The deterministic Euclidean k-center problem is a central
problem in geometric optimization [11, 8]. It asks for a k-point set £ in R? such that
the maximium distance from any of the n given points to its closest point in F' is

minimized.

Definition 10. For a set of points P € R, and a k-point set F = {(f1,..., fx) | fi €
R% 1 < i <k}, we define K(P,F) = max,cp min;<;<; d(s, f;) as the k-center value
of F w.r.t. P. We use F to denote the family of all k-point sets in RY. Given a set
P of n stochastic points (in either the existential or locational uncertainty model) in

R?, and a k-point set F € F, we define the expected k-center value of F w.r.t P as

K(P,F) = Ep_p[K(P, F)].

In the stochastic minimum k-center problem, our goal is to find a k-point set F € F
which minimizes K(P, F'). In this dissertation, we assume that both the dimension-

ality d and k are fixed constants.

Stochastic j-Flat-Center. The deterministic j-flat-center problem is defined as fol-
lows: given n points in R?, we would like to find a j-flat F (i.e., a j-dimensional affine
subspace) such that the maximum distance from any given point to F' is minimized.
It is a common generalization of the minimum enclosing ball (j = 0), minimum en-

closing cylinder (5 = 1), and minimum width problems (j = d — 1), and has been

10
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well studied in computational geometry [8, 45, 106]. Its stochastic version is also
naturally motivated by the stochastic variant of the /., regression problem: Suppose
we would like to fit a set of points by an affine subspace. However, those points may
be produced by some machine learning algorithm, which associates some confidence
level to each point (i.e., each point has an existential probability). This naturally

gives rise to the stochastic j-flat-center problem. Formally, it is defined as follows.

Definition 11. Given a set P of n points in R, and a j-flat F € F (0<j<d—1),
where F is the family of all j-flats in RY, we define the j-flat-center value of F w.r.t.
P to be J(P, F) = maxepd(s, F'), where d(s, F) = mingepd(s, f) is the distance
between point s and j-flat F. Given a set P of n stochastic points (in either the
existential or locational model) in R, and a j-flat F € F (0 < j <d— 1), we define

the expected j-flat-center value of F w.r.t. P to be

J(P,F) = Epp[J(P,F).

In the stochastic minimum j-flat-center problem, our goal is to find a j-flat F' which

minimizes J(P, F).

Previous Results and Our contributions. Recall that a polynomial time approx-
imation scheme (PTAS) for a minimization problem is an algorithm A that produces
a solution whose cost is at most 1 4 ¢ times the optimal cost in polynomial time, for

any fixed constant ¢ > 0.

Stochastic k-Center. Cormode and McGregor [30] first studied the stochastic k-
center problem in a finite metric graph under the locational uncertainty model, and
obtained a bi-criterion constant approximation. Guha and Munagala [53] improved
their result to a single-criterion constant factor approximation. Recently, Wang and
Zhang [108] studied the stochastic k-center problem on a line, and proposed an effi-
cient exact algorithm. No result better than a constant approximation is known for
the Euclidean space R? (d > 2). We obtain the first PTAS for the stochastic k-center

problem in R¢.

11
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Theorem 12. Assume that both k and d are fixed constants. There exists a PTAS
for the stochastic minimum k-center problem in R?, under either the existential or

the locational uncertainty model.

Our result generalizes the PTAS for stochastic minimum enclosing ball by Munteanu
et al. [88]. We remark that the assumption that & is a constant is necessary for get-
ting a PTAS, since even the deterministic Euclidean k-center problem is APX-hard
for arbitrary k even in R? [42].

Stochastic j-Flat-Center. Our main result for the stochastic j-flat-center is as

follows.

Theorem 13. Assume that the dimensionality d is a constant. There exists a PTAS
for the stochastic minimum j-flat-center problem, under either the existential or the

locational uncertainty model.

This result also generalizes the PTAS for stochastic minimum enclosing ball (i.e.,
0-flat-center) by Munteanu et al. [88]. It also generalizes a previous PTAS for the
stochastic minimum enclosing cylinder (i.e., 1-flat-center) problem in the existential
model where the existential probability of each point is assumed to be lower bounded

by a small fixed constant in Chapter 4.

Our techniques. Our techniques for both problems heavily rely on the powerful
notion of coresets. In a typical deterministic geometric optimization problem, an
instance P is a set of deterministic (weighted) points. A coreset S of P is a set
of (weighted) points, such that the solution for the optimization problem over S is a
good approximate solution for P. ! In Chapter 4, we generalize the notion of e-kernel
coreset (for directional width) to stochastic points. However, our techniques can only
handle directional width, and extending it to problems such as stochastic minimum
enclosing cylinder requires certain technical assumption.

In this dissertation, we introduce a new framework for solving geometric opti-

mization problems over stochastic points. For a stochastic instance P, we consider

Tt is possible to define coresets for other classes of optimization problems.

12
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P as a collection of realizations P = {P | P ~ P}. Each realization P has a weight
Pr[F P], which is its realized probability. Now, we can think the stochastic problem as
a certain deterministic problem over (exponential many) all realizations (each being a

point set). Our framework constructs an object S satisfying the following properties.

1. Basically, S has a constant size description (the constants may depend on d, ¢,

and k).

2. The objective value for a certain deterministic optimization problem over S can
approximate the objective for the original stochastic problem well. Moreover,
the solution to the deterministic optimization over S is a good approximation

for the original problem as well.

At a high level, S serves very similar roles as the coresets in the deterministic
setting. Note that the form of & may vary for different problems: in stochastic k-
center, it is a collection of weighted point sets (we call & an SKC-CORESET); in
stochastic j-flat-center, it is a combination of two collections of weighted point sets
for two intermediate problems (we call S an SJFC-CORESET).

For stochastic k-center under the existential model, we construct an SKC-CORESET
S in two steps. First, we map all realizations to their additive e-coresets (for deter-
ministic k-centers) [11]. Since there are only a polynomial number of possible additive
e-coresets, the above mapping can partition the space of all realizations into a poly-
nomial number of parts, such that the realizations in each part have very similar
objective functions. Moreover, for each additive e-coresets, it is possible to compute
the total probability of the realizations that are mapped to the coreset. In fact, this
requires a subtle modification of the construction in [11] so that we can compute the
aforementioned probability efficiently. This step has reduced the exponential num-
ber of realizations to a polynomial size representation. Next, we define a generalized
shape fitting problem, call the generalized k-median problem, over the collection of
above additive e-coresets. Then, we need to properly generalize the previous defini-
tion of coreset and the total sensitivity (a notion proposed in the deterministic coreset

context by Langberg and Schulman [77]), and prove a constant upper bound for the
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generalized total sensitivity by relating it to the total sensitivity of the ordinary k-
median problem. The SKC-CORESET S is a generalized coreset for the generalized
k-median problem, which consists of a constant number of weighted point sets.

For stochastic k-center under the locational model, computing the weight for each
set in the SKC-CORESET § is somewhat more complicated. We need to reduce
the computational problem to a family of bipartite holant problems, and apply the
celebrated result by Jerrum, Sinclair, and Vigoda [67].

For the stochastic minimum j-flat-center problem, we proposed an efficient algo-
rithm for constructing an SJFC-CORESET. We utilize several ideas in Chapter 4, as
well as prior results on the shape fitting problem. We first partition the realizations
P ~ P into two parts through a construction similar to the (¢, 7)-QUANT-KERNEL
construction in Chapter 4. Roughly speaking, after linearization, we need to find a
convex set I in a higher dimensional space such that the total probability of any point
falling outside K is small, but not so small such that in each direction the expected
directional width of P is comparable to that of K. Then, for those points inside /C, it
is possible to use a slight modification of the construction in Chapter 4 to construct a
collection of weighted point sets. For the points outside IC, since the total probability
is small, we reduce the problem to a weighted j-flat-median problem, and use the
coreset in [106] (this step is similar to that in [88]). By combining the two collections,
we obtain the SJFC-CORESET S for the problem, which is of constant size. Then,
we can easily obtain a PTAS by solving a constant size polynomial system defined by
S.

We remark that our overall approach is very different from that in Munteanu
et al. [88] (except one aforementioned step and that they also crucially used some
machinery from the coreset literature). Munteanu et al. [88] defined a near-metric
distance measure m(A, B) = max,ecapep d(a,b) for two non-empty point sets A, B.
This near-metric measure satisfies many metric properties, like non-negativity, sym-
metry and the triangle inequality. By lifting the problem to the space defined by such
metric and utilizing a previous coreset result for clustering, they obtained a PTAS for

the problem. However, in the more general stochastic minimum k-center problem and
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stochastic minimum j-flat-center problem, it is unclear how to translate the distance
function between point sets and k-centers or point sets and j-flat sets to a near-metric

distance (and still satisfies symmetry and triangle inequality).

1.3 Estimation for Combinatorial Optimization Problems over

Stochastic Data

We are interested in the following natural problem over both existential and locational
uncertainty models: estimating the expected values of certain statistics of combinato-
rial objects. In this dissertation, we study several combinatorial or geometry problems
in these two models: the closest pair problem, minimum spanning tree, minimum per-
fect matching (assuming an even number of nodes), k-clustering and minimum cycle
cover. We take the minimum spanning tree problem for example. Let MST be the
length of the minimum spanning tree (which is a random variable) and MST(r) be
the length of the minimum spanning tree spanning all points in the realization r. We

would like to estimate the following quantity:

E[MST] =) " Pr[r] - MST(r).
reR
However, the above formula does not give us an efficient way to estimate the ex-
pectation since it involves an exponential number of terms. In fact, computing the
exact expected value are either NP-hard or #P-hard. Following many of the theoret-
ical computer science literatures on approximate counting and estimation, our goal
is to obtain fully polynomial randomized approximation schemes for computing the

expected values.

Our contribution. (Chapter 6) We recall that a fully polynomial randomized ap-
proximation scheme (FPRAS) for a problem f is a randomized algorithm A that takes
an input instance z, a real number £ > 0, returns A(z) such that Pr[(1 —¢)f(z) <

A(z) < (1+¢)f(x)] > 2 and its running time is polynomial in both the size of the
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input n and 1/¢. Our main contributions can be summarized in Table 1.1.

Problems Existential | Locational
E[C] FPRAS | FPRAS
Closest Pair (S6.1) Pr[C<1]| FPRAS FPRAS
Pr[C > 1] | Inapprox | Inapprox
E[D] FPRAS | FPRAS
Diameter (S6.1) Pr[D <1] | Inapprox | Inapprox
Pr[D>1]| FPRAS | FPRAS
Minimum Spanning Tree (S6.3) E[MST] | FPRAS[71] | FPRAS
k-Clustering (S6.2) E[kCL] FPRAS Open
Perfect Matching (S6.4) E[PM] N.A. FPRAS
kth Closest Pair (S6.8.1) E[kC] FPRAS Open
Cycle Cover (S6.5) E[CC] FPRAS FPRAS
kth Longest m-Nearest Neighbor (S6.6) | E[kmNN] FPRAS Open

Table 1.1: Our results for some problems in different stochastic models.

1. Closest Pair: We use C to denote the minimum distance of any pair of two nodes.

If a realization has less than two nodes, C is zero. Computing Pr[C < 1] exactly
in the existential model is known to be #P-hard even in an Euclidean plane [72],
but no nontrivial algorithmic result is known before. So is computing Pr[C > 1].
In fact, it is not hard to show that computing Pr[C > 1] is inapproximable within

any factor in a metric space (Section 6.8.2).

We also consider the problem of computing expected distance E[C] between
the closest pair in the same model. We prove that the problem is #P-hard in
Section 6.8.2 and give the first known FPRAS in Section 6.1. Note that an
FPRAS for computing Pr[C < 1] does not imply an FPRAS for computing E[C]

2

. Diameter: The problem of computing the expected length of the diameter can
be reduced to the closest pair problem as follows. Assume that the longest
distance between two points in P is W. We construct the new instance P’ as

follows: for any two points s,t € P, let their distance be 2W — d(s,t) in P’.

2To the contrary, an FPRAS for computing Pr[C > 1] or Pr[C = 1] would imply an FPRAS for
computing E[C] since E[C] = 3_ . . Pr[C = d(s,s;)]d(si, s;) = [ Pr[C > t]dt = D (50, PrIC =
d(si, s7)](d(si, 55) — d(s}, s5)).
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The new instance is still a metric. The sum of the distance of closest pair in P
and the diameter in P’ is exactly 2 (if there are at least two realized points).
Hence, the answer for the diameter can be easily derived from the answer for

closest pair in P’.

3. Minimum Spanning Tree: Computing E[MST] exactly in both uncertainty mod-
els is known to be #P-hard [71]. Kamousi, Chan, and Suri [71] developed an
FPRAS for estimating E[MST] in the existential uncertainty model and a con-

stant factor approximation algorithm in the locational uncertainty model.

Estimating E[MST] is amendable to several techniques. We obtain an FPRAS
for estimating E[MST] in the locational uncertainty model using the stoch-core
techinque in Section 6.3. In fact, the idea in [71] can also be extended to give
an alternative FPRAS (Section 6.9). It is not clear how to extend their idea to

other problems.

4. Clustering (k-clustering): In the deterministic k-clustering problem, we want to
partition all points into k£ disjoint subsets such that the spacing of the partition
is maximized, where the spacing is defined to be the minimum of any d(u,v)
with u, v in different subsets [74]. In fact, the optimal cost of the problem is the
length of the (K — 1)th most expensive edge in the minimum spanning tree [74].
We show how to estimate E[kCL| using the HPF (hierarchical partition family)

technique in Section 6.2.

5. Perfect Matching: We assume that there are even number of nodes to ensure
that a perfect matching always exists. Therefore, only the locational uncertainty
model is relevant here. We give the first FPRAS for approximating the expected
length of minimum perfect matching in Section 6.4 using a more complicated

stoch-core technique.

All of our algorithms run in polynomial time. However, we have not attempted

to optimize the exact running time.
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Our techniques. Perhaps the simplest and the most commonly used technique
for estimating the expectation of a random variable is the Monte Carlo method,
that is to use the sample average as the estimate. However, the method is only
efficient (i.e., runs in polynomial time) if the variance of the random variable is
small (See Lemma 14). To circumvent the difficulty caused by the high variance, a
general methodology is to decompose the expectation of the random variable into a
convex combination of conditional expectations using the law of total expectation:
E(X] =Ey[E[X | Y]] = >, PrlY = y]E[X | Y = y]. Hopefully, Pr[Y" = y| can be
estimated (or calculated exactly) efficiently, and the random variable X conditioning
on each event y has a low variance. However, choosing the events Y to condition on
can be tricky.

We develop two new techniques for choosing such events, each being capable of
solving a subset of aforementioned problems. In the first technique, we first identify
a set H of points, called the stoch-core of the problem, such that (1): with high
probability, all nodes realize in H and (2): conditioning on event (1), the variance
is small. Then, we choose Y to be the number of nodes realized to points not in H.
We compute the (1 =+ ¢)-estimates for ¥ = 0,1 using Monte Carlo by (1) and (2).
The problematic part is when Y is large, i.e., many nodes realize to points outside H.
Even though the probability of such events is very small, the value of X under such
events may be considerably large, thus contributing nontrivially. However, we can
show that the contribution of such events is dominated by the first few events and thus
can be safely ignored. Choosing appropriate stoch-core is easy for some problems,
such as closest pair and minimum spanning tree, while it may require additional idea
for other problems such as minimum perfect matching.

Our second technique utilizes a notion called Hierarchical Partition Family (HPF).
The HPF has n levels, each representing a clustering of all points. For a combinatorial
problem, for which the solution is a set of edges, we define Y to be the highest level
such that some edge in the solution is an inter-cluster edge. Informally, conditioning
on the information of Y, we can essentially bound the variance of X (hence use the

Monte Carlo method). To implement Monte Carlo, we need to be able to take samples
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efficiently conditioning on Y. We show that such sampling problems can be reduced
to, or have connections to, classical approximate counting and sampling problems,

such as approximating permanent, counting knapsack.
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Chapter 2 Preliminaries

In this chapter, we recall a useful tool, the Chernoff bound. Suppose we want to
estimate E[X]. In each Monte Carlo iteration, we take a sample (a realization of all
nodes), and compute the value of X for the sample. At the end, we output the average
over all samples. The number of samples required by this algorithm is suggested by

the following standard Chernoff bound.

Lemma 14. (Chernoff Bound) Let random variables X1, Xs, ..., Xn be independent
random variables taking on values between 0 and U. Let X = % Zf\il X; and p be

the expectation of X, for any e > 0,
Pr(X € [(1— ) (1+e)ul) = 1 — 26 Vb1

Therefore, for any £ > 0, in order to get an (1+e¢)-approximation with probability

1— the number of samples needs to be O(F% logn). If %, the ratio between

S
poly(n)’
the maximum possible value of X and the expected value E[X], is bounded by a
polynomial size of the input, we can use the above Monte Carlo method to estimate

E[X] with a polynomial number of samples.
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Chapter 3 Related Work

In this chapter, we will show some prior work about our research problems. We start
with introducing some related work about shape fitting problems in both deterministic
and stochastic settings. Next, we discuss related work for coreset construction. Then
we review some prior work about computing the expected value of combinatorial
optimization problems in different stochastic models. We also briefly mention some

other stochastic models that is conceptually or technically related to the dissertation.

Shape fitting problem. A number of theoretical results for the k-center problem
have been obtained in the past. In deterministic settings, Agarwal and Procopiuc
[11] considered the k-center problem and showed that there exists an additive coreset
of a constant size which can represent the whole input point set if £ and d are both
constants. Har-Peled and Varadarajan [61] improved their result in high dimensions
and gave an PTAS if k is a constant. Cormode and McGregor [30] considered the
k-center problem for the locational model in a finite metric graph, and obtained a
bi-criterion constant approximation. Guha and Munagala [53] improved the result
to a true constant factor approximation. Munteanu et al. [88] studied the minimum
enclosing ball problem (a.k.a. 1-center problem) for stochastic points in fixed dimen-
sional Euclidean space and gave a PTAS. Coresets were also constructed for imprecise
points [85] to help derive results for approximating convex hulls and a variety of oth-
er shape-fitting problems. Note that their model is different from the existential or
locational models.

Other projective clustering problems have also been studied extensively. If £ is
a constant, the existence of an additive coreset of a constant size for k-line-center,
i.e., for the problem of covering P by k congruent cylinders of the minimum radius,
was first proved by Agarwal et al. [11]. Har-Peled and Varadarajan [61] obtained
an PTAS for k j-flat-center problem while j and k£ are both constants. Langberg
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and Schulman [77] showed that for the weighted k-median/k-means problem, ! there
exists an e-coreset of size depending polynomially on d and k by bounding the total
sensitivity. Varadarajan and Xiao [106] studied the k-line clustering problem and the
(7, k) integer projective clustering problem, and showed that there exists an e-coreset

of a poly-logarithmic size.

Coreset construction. There is a large body of literature [93] on constructing
coresets for various problems, such as shape fitting [7, 8], shape fitting with outliers
[62], clustering [27, 45, 47, 60, 77], integrals [77], matrix approximation and regression
[34, 45] and in different settings, such as geometric data streaming [8, 26] and privacy
setting [43]. We have introduced some results for shape fitting problems. In this
part, we review other applications of coreset construction. For example, Har-Peled
and Wang [62] provided a coreset construction approach for handling outliers. From
the dual (function extent) perspective, they want to approximate the distance between
two level sets in an arrangement of hyperplanes. In the locational model, coresets
are created for range counting queries [1] under the subset constraint, but these
techniques do not translate to this setting because e-kernel coresets in general cannot
be constructed from a density-preserving subset of the data, as is preserved for the

range counting coresets.

Estimation for stochastic combinatorial optimization. Several geometric prop-
erties of a set of stochastic points have been studied extensively in the literature under
the term stochastic geometry. For instance, Bearwood et al. [21] showed that if there
are n points uniformly and independently distributed in [0, 1]?, the minimal traveling
salesman tour visiting them has an expected length Q(y/n). Asymptotic results for
minimum spanning trees and minimum matchings on n points uniformly distributed
in unit balls are established by Bertsimas and van Ryzin [23]. Similar results can be
found in e.g., [22, 73, 98]. Compared with results in stochastic geometry, we focus
on the efficient computation of the statistics, instead of giving explicit mathematical

formulas.

!The k-median/k-means problem in the existential uncertainty model can be considered as a
weighted k-median/k-means problem.
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Recently, a number of researchers have begun to explore geometric computing
under uncertainty and many classical computational geometry problems have been
studied in different stochastic/uncertainty models. Agarwal, Cheng, Tao and Yi [3]
studied the problem of indexing probabilistic points with continuous distributions for
range queries on a line. Agarwal, Efrat, Sankararaman, and Zhang [5] also studied
the same problem in the locational uncertainty model under Euclidean metric. The
most probable k-nearest neighbor problem and its variants have attracted a lot of
attentions in the database community (See e.g., [28]). Several other problems have
also been considered recently, such as computing the expected volume of a set of
probabilistic rectangles in a Euclidean space [109], convex hulls [6], skylines (Pareto
curves) over probabilistic points [2, 15], and shape fitting [83].

Kamousi, Chan and Suri [71] initiated the study of estimating the expected length
of combinatorial objects in this model. They showed that computing the expected
length of the nearest neighbor (NN) graph, the Gabriel graph (GG), the relative
neighborhood graph (RNG), and the Delaunay triangulation (DT) can be solved
exactly in polynomial time, while computing E[MST] is #P-hard and there exists a
simple FPRAS for approximating E[MST] in the existential model. They also gave
a deterministic PTAS for approximating E[MST] in an Euclidean plane. In another
paper [72], they studied the closest pair and (approximate) nearest neighbor problems
(i.e., finding the point with the smallest expected distance from the query point) in
the same model.

The computational /algorithmic aspects of stochastic geometry have also gained a
lot of attention in recent years from the area of wireless networking. In many appli-
cation scenarios, it is common to assume that the nodes (e.g., sensors) are deployed
randomly across a certain area, thereby forming a stochastic network. It is of central
importance to study various properties in this network, such as connectivity [55],
transmission capacity [56]. We refer the interested reader to a recent survey [57] for

more references.

Other stochastic models. Besides the stochastic geometry models, geometric un-

certain data has also been studied in the imprecise model [16, 64, 76, 84, 89, 92, 104].
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In this model, each point is provided with a region where it might be. This originated
with the study of imprecision in data representation [54, 94], and can be used to pro-
vide upper and lower bounds on several geometric constructs such as the diameter,
convex hull, and flow on terrains [36, 104].

Convex hulls have been studied for uncertain points: upper and lower bounds are
provided under the imprecise model [41, 85, 89, 104], distributions of circumference
and volume are calculated in the locational model [69, 83], the most likely convex hull
is found in the existential model in R? and shown NP-hard for R? for d > 2 and in the
locational model [101], and the probability a query point is inside the convex hull [6].
As far as we know, the expected complexity of the convex hull under uncertain points
has not been studied, although it has been studied [59] under other random data
models.

The randomly weighted graph model where the edge weights are independent non-
negative variables has also been studied extensively. Frieze [48] and Steele [99] showed
that the expected value of the minimum spanning tree on such a graph with identi-
cally and independently distributed edges is ((3)/D where ((3) = >°°2,1/j° and D
is the derivative of the distribution at 0. Alexopoulos and Jacobson [13] developed
algorithms that compute the distribution of MST and the probability that a partic-
ular edge belongs to MST when edge lengths follow discrete distributions. However,
the running time of their algorithms may be exponential in the worst cases. Recently,
Emek, Korman and Shavitt [40] showed that computing the kth moment of a class

of properties, including the diameter, radius and minimum spanning tree, admits an

FPRAS for each fixed k.

24



CHAPTER 4. e-KERNEL CORESETS OVER STOCHASTIC DATA

Chapter 4 ¢-Kernel Coresets over Stochastic

Data

In this chapter, we initiate the study of constructing e-kernel coresets for uncertain
points. An e-kernel coreset approximates the width of a point set in any direction.
We consider approximating the expected width (an e-EXP-KERNEL), as well as the
probability distribution on the width (an (e, 7)-QUANT-KERNEL) for any direction.
Then combining with known techniques, we show a few applications to approximating
the extent of uncertain functions, maintaining extent measures for stochastic moving
points and some stochastic shape fitting problems. We first briefly introduce how to

construct an e-kernel coreset over deterministic point sets.

4.1 e-Kernel Coresets over Deterministic Data

For a set P of n deterministic points, recall that we define f(P, @) to be f(P, @) =
max,ep (i, s) for any direction @ € R? and w(P, @) to be w(P, @) = f(P, @)+ f(P, —).
Also recall that a subset Q C P is called an e-kernel of P if for any direction # € R,
(1—e)w(P, i) < w(Q, i) < w(P, ). In fact, there exists an e-kernel of size O(e~(@=1/2)
with construction time O(n + e=(4=3/2)) see [26, 110]. In the following, we briefly
review the construction.

By Barequet and Har-Peled [19], we first compute a bounding box B in linear
time, which has volume at most constant times of the minimum one. By their con-
struction, we also have the property that aB C ConvH(B) C B. Here, ConvH(B) is
the convex hull of B and o > 0 is some constant depending on d. By applying an
affine transformation, we assume that B = [—1,1]? without loss of generality. This is
because if M () is an e-kernel of M (P) for a non-singular matrix M, then S must be

an e-kernel of P. Since aB C ConvH(B), we have w(P, %) > 2« for any direction .
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Let ¢ = y/za. We first construct a set J of size O(e'~%*1) = O(e~(4=1)/2) belonging
to the sphere of radius v/d 4+ 1 centered at the origin, satisfying that for any point
x on this sphere, there exists a point y € J such that ||z — y|| < . Here, ||z — y|
is the Euclidean distance between z and y. Next, for each point y € J, we compute
a point ¢(y) € P which minimizes the distance ||y — ¢(y)||. ' The output is the
collection S of all such ¢(y), which is an e-kernel of P. Note that the size of S is at
most O(s~(@=1/2),

We then briefly prove the output is an e-kernel. Fix a direction @ and let s € P be
the point maximizing (i, s). Suppose the ray starting from s in direction @ intersects
the sphere at point . By the construction of 7, there exists a point y € J with

|x — y|| <e&’. We then discuss the following two cases.
1. If ¢(y) = s, then s € S and f(P, 1) = £(S, @).

2. If ¢(y) # s, we construct a ball of radius ||y—s|| centered at y. Since ||y—¢(y)|| <
lly — s|| by the above algorithm, we have that ¢(y) must locate inside this ball.
Assume z is the point minimizing (i, z’) over all points 2z’ in this ball. By

previous work [26, 88], it can be shown that (i, s) — (@, z) < ae. Thus, we have

f(P,a) — £(5,4) < (d,s) — (4, ¢(y))

IN

(i,s) — (U, z) < ae.

The above two cases imply that w(P, @) —w(S, 1) < 2ae < ew(P, @). So the output
S is indeed an e-kernel of P.

In the above definition, we do not require the points in S are independent. So
when they are correlated, we will specify the distribution of S. If all points in P are
deterministic and 7 < 0.5, the above definition essentially boils down to requiring
(1 —e)w(P, i) < w(S,u) < (1+¢e)w(P,u). Assuming the coordinates of the input
points are bounded, an (&, 7)-QUANT-KERNEL ensures that for any choice of #, the

cumulative distribution function of w(S,u) is within a distance ¢ under the Lévy

In fact, we only need to compute an e-approximate nearest-neighbor ¢(y) € P of y, which
improves the running time.
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metric, to that of w(P, ). 2.

4.2 e-Kernels for Expectations of Width

First recall the definition of e-EXP-KERNEL. Suppose P is a set of stochastic points (in
either the existential or locational uncertainty model). Define the expected directional
width of P in direction @ to be w(P,u) = Epp|w(P,@)], where P ~ P means that

P is a (random) realization of P.

Definition 15. For a constant € > 0, a set S of (deterministic or stochastic) points

in R? is called an e-EXP-KERNEL of P, if for all directions @ € RY,
(1 —e)w(P,u) <w(S,u) <w(P,u).

We first state our results in this section for the existential uncertainty model. All
results can be extended to the locational uncertainty model, with slightly different
bounds (essentially replacing the number of points n with the number of locations
m) or assumptions. We describe the difference for locational model in the appendix.

For simplicity of exposition, we assume in this section that all points in P are in
general positions and all p;s are strictly between 0 and 1. For any s, s’ € R?, we use

(s,s") to denote the usual inner product 2?21 s;si. For ease of notation, we write

i
s =3 s as a shorthand notation for (s,8) > (s/,5). For any s’ € R? the binary
relation >y defines a total order of all vertices in P. (Ties should be broken in an
arbitrary but consistent manner.) We call this order the canonical order of P with
respect to s. For any two points s and s', we use d(s,s’) or ||s — §|| to denote their
Euclidean distance. For any two sets of points, A and B, the Minkowski sum of
A and B is defined as A@® B := {a+b | a € A,b € B}. Recall the definitions

for a set P of deterministic points and a direction @ € RY, the support function is

f(P, %) = maxsep(i, s) and the directional width is w(P, @) = f(P,«) — f(P, —u). The

2 Assuming the coordinates of the input points are bounded, the requirement for an (&, 7)-QUANT-
KERNEL is in fact stronger than that of Lévy distance being no larger than ¢ as the former requires
a multiplicative error on length, which gives better guarantee when the length is small.
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support function and the directional width only depend on the convex hull of P.

Lemma 16. Consider a set P of uncertain points in R (in either locational uncer-
tainty model or ezistential uncertainty model). There exists a set S of deterministic
points in R (which may not be a subset of P) such that w(P, @) = w(S,@) for all

@ € R?,

Proof. By the definition of the expected directional width of P, we have that

w(P, @) = Epoplw =Y PP ( (P, i)+ £(P, — )).
P~P
Consider the Minkowski sum M = M(P) := >, Pr[P]ConvH(P), where ConvH(P)
is the convex hull of P (including the interior). It is well known that the Minkowski
sum of a set of convex sets is also convex. Moreover, it also holds that for all @ € R?
(see e.g., [95]) f(M, @) = ), _p Pr[Plf(P,@). Hence, w(P, %) = w(M,u) for all u €
R O

By the result in [7], we know that for any convex body in R? there exists an
e-kernel of size O(e~(¢~1/2). Combining with Lemma 16, we can immediately obtain

the following corollary, which is the first half of Theorem 2.
Corollary 17. For any € > 0, there exists an e-EXP-KERNEL of size O(e~(@=1)/2),

Recall that in Lemma 16, the Minkowski sum M =", . Pr[P|ConvH(P). Since
M is the Minkowski sum of exponential many convex polytopes, so M is also a
convex polytope. At first sight, the complexity of M (i.e., number of vertices) could
be exponential. However, as we will show shortly, the complexity of M is in fact
polynomial.

We need some notations first. For each pair (s, s") of points in P consider the hy-
perplane H o that passes through the origin and is orthogonal to the line connecting
s and s’. We call these (72‘) hyperplanes the separating hyperplanes induced by P and
use I' to denote the set. Each such hyperplane divides R? into 2 halfspaces. For all

directions @ € R? in each halfspace, the order of (s, %) and (s, @) is the same (i.e., we
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have s =, s' in one halfspace and s’ >, s in the other). Those hyperplanes in I" pass
through the origin and thus partition R? into d-dimensional polyhedral cones. * We
denote this arrangement as A(T).

Consider an arbitrary cone C' € A(I"). Let int C' denote the interior of C'. We can
see that for all directions @ € int C', the canonical order of P with respect to u is the
same (since all directions @ € int C' lie in the same set of halfspaces). We use |M| to

denote the complexity of M, i.e., the number of vertices in ConvH(M).

Lemma 18. Assuming the ezistential model and p; € (0,1) for all s € P, the com-
plezity of M is the same as the cardinality of A(T'), i.e., |M| = |A(T)|. Moreover,
each cone C € A(T") corresponds to exactly one vertex s of ConvH(M) in the follow-
ing sense: the gradient VE(M, @) = s for all U € int C' (note that here s should be

understood as a vector).

Proof. We have shown that M is a convex polytope. We first note that the support
function uniquely defines a convex body (see e.g., [95]). We need the following well
known fact in convex geometry (see e.g., [49]): For any convex polytope M, R? can be
divided into exactly | M| polyhedral cones (of dimension d, ignoring the boundaries),
such that each such cone Cy corresponds to a vertex s of M, and for each vector
@ € Cs, it holds f(M, @) = (4, s) (i.e., the maximum of £f(M, @) = maxyecp (U, ') is
achieved by s for all @ € C;).* See Figure 4-1 for an example in R?. Hence, for each

@ € int Cs the gradient of of the support function (as a function of @) is exactly s:

Of (M, i o(u 9 et 5ili
VE(M, @) = {M} _ { <U;S>} _ {@} =5, (4.1)
0, jeld ou; ) jeld 0t jeld)
where ; is the jth coordinate of @. With a bit abuse of notation, we denote the set
of cones defined above by A(M).
Now, consider a cone C' € A(I"). We show that for all @ € intC, VE(M,d) is a

—

distinct constant vector independent of 4. In fact, we know that £f(M, @) = f(P, «)

3We ignore the lower dimensional cells in the arrangement.

4One intuitive way to see this is as follows: The support function for a polytope is just the upper
envelope of a finite set of linear functions, thus a piecewise linear function, and the domain of each
piece is a polyhedral cone. In fact, we call such a cone Cy the outer normal cones.
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> oep Prii(s, @) (s, @), where Pr'(s, @) = [Io. (1 = py)ps. For all @ € intC, the
Prfi(s, @) value is the same since the value only depends on the canonical order with

respect to u, which is the same for all & € C'. Hence, we can get that for all « € int C,

VE(M, i) =) Prfi(s, i)s, (4.2)
seP

which is a constant independent of w. We prove the lemma by showing that the
gradient Vf(M, @) must be different for two adjacent cones Cy,Cy (separated by
some hyperplane in ') in A(T"). Suppose @; € int C; and @y € int Cy. Consider the
canonical orders O; and O, of P with respect to u; and s respectively. Since C and
Cs are adjacently, O; and Oy only differ by one swap of adjacent vertices. W.l.o.g.,
assume that Oy = {s1,..., 8, Si41,.-.,8,} and Oy = {s1,...,8i11,8i,.-,8n}. Using

(4.2), we can get that

Vf(M, ﬁl) - Vf(M, 1_[2) = PI‘R(Si, ’l_[l)Si + PI'R(SH_l, 61)8i+1 - PI‘R(SZ‘, ﬁg)si — PI'R(SH_l, 62)8i+1
=D (pisi + (1 = pi)pis1Sis1 — Piv1Siv1 — (1 — pig1)pisi)

=D 'pipi+1(5i - 51’+1) # 0

where D = H;;ll(l —p;) #0.

In summary, we have shown in the first paragraph that Vf(M, d) is piecewise
constant, with a distinct constant in each cone in A(M). The same also holds for
A(T). This is only possible if A(T") (thinking as a partition of RY) partitions R?
exactly the same way as A (M) does. Hence, we have A(I") = A(M) and the lemma

follows immediately. O

Since O(n?) hyperplanes passing through the origin can divide R? into at most

O(( dnjl)) d-dimensional polyhedral cones (see e.g., [12]), we immediately obtain the

following corollary.
Corollary 19. It holds that |[M| < O((d"jl)) = O(n%2).

The proof of Lemma 18 can be easily made constructive. We only need to compute
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Figure 4-1: The figure depicts a pentagon M in R? to illustrate some intuitive facts
in convex geometry. (1) The plane can be divided into 5 cones Cy,...,C5, by 5
angles 0y,...,05. 1y, is the unit direction corresponding to angle 6;. Each cone
C; corresponds to a vertex s; and for any direction @ € C;, f(M,u) = (u,s;) and
the vector VE(M,4) is s;. (2) Each direction 6; is perpendicular to an edge of M.
M = N?_, H; where H; is the supporting halfplane with normal vector y,.

the set T' of all O(n?) hyperplanes and the arrangement A(T") in O(n??~2) time (see
e.g., [12, 39]). Given each cone C' € A(T"), we can calculate Vf(M, @) for any 4 € C,
which gives exactly one vertex of M by (4.1), in O(nlogn) time using the algorithm

described in Lemma 49.

Theorem 20. In R? for constant d, the polytope M which defines £(P, @) for any

2d—2)

direction U can be described with O(n vertices in R?, and can be computed in

O(n?Ylogn) time. In R?, the runtime can be improved to O(n*logn).

The improved running time in R? is derived in Lemma 50 by carefully constructing
cach vertex of M in O(1) time using its neighboring vertex. The extra O(logn) is

needed to sort the vertices of M to determine neighbors.

4.2.1 A Nearly Linear Time Algorithm for Constructing c-exp-kernels

Now, we prove the main algorithmic result Theorem 2 of this section: we can find an
€-EXP-KERNEL in nearly linear time. If we already have the Minkowski sum M, we
can directly use the algorithm in [7] to find an e-kernel for M. However, constructing
M explicitly takes O(n??~1logn) time according to Theorem 20 and this cannot be

2d72).

improved in general as the complexity of M is O(n Therefore, in order to
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achieve a nearly linear time coreset construction, we can not compute M explicitly.
For ease of description, we first consider existential uncertainty model. The details

for locational uncertainty model can be found in Section 4.6.

Theorem 21. (second half of Theorem 2, for existential model) P is a set of n uncer-
tain points in R? with existential uncertainty. An e-EXP-KERNEL of size O(e~(@=1/2)

for P can be constructed in O(e~@"Vnlogn) time.

The following simple lemma provides an efficient procedure for finding the extreme

vertex in M along any give direction, and is useful in several places later as well.

Lemma 22. Given any direction i € R?, we can find in O(nlogn) time a vertex

s* € M, at which (s,u) is maximized, over all s € M.

Proof. Fix an arbitrary direction @ € R?. From the proof of Lemma 18 (in particular
(4.1)), we know that the vertex s* € M that maximizes (s, %) can be computed by
s* = VI(M, @). Using (4.2), VE(M, i) can be easily computed in O(nlogn) time (see
Lemma 49 for the details). O

Next, we need to find an affine transform 7" such that the convex polytope M’ =
T(M) is a-fat for some constant a. We recall that a set P of points is a-fat, for
some constant a < 1, if there exists a point « € R%, and a unit hypercube C centered
at x such that aC C ConvH(P) C C. According to Chapter 22 in [58], in order to
construct such 7', it suffices to identify two points in M such that their distance is
a constant approximation of the diameter of M. The following lemma (proven in

Section 4.6) shows this can be done without computing M explicitly.

Lemma 23. We find an affine transform T in O(2°Dnlogn) time, such that the

convez polytope M' = T'(M) is a-fat for some constant o (o may depend on d).

After obtaining T', we apply T to P in linear time. Notice that M’ = T'(M(P)) =
M(T(P)). Therefore, Lemma 22 also holds for M’ (i.e., we can search over M’ the
maximum vertex in any given direction in O(nlogn) time).

Let 6 = O(ea/d). We compute a set Z of O(6~@~1) = O(e~(@=Y) points on the

unit sphere S%! such that for any point § € S*!, there is a point s € Z such that
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|s — &'|| < (see e.g., [10, 25]). For each s in Z, we include —s in Z as well. For each
vector s € Z, we compute x(t) = arg max,epr(x, s). Based on the previous discussion,

all {z(s)}.ez can be computed in O(6~ @ Ynlogn) = O(e~ @ Hnlogn) time.
Lemma 24. S = {z(s)}ser is an e-kernel for M'. °

Finally, we can then run existing e-kernel algorithms [26, 88] in O(|S]) time to
further reduce the size of S to O(¢~(@=Y/2) which finishes the proof of Theorem 21.
Lemma 18 and Theorem 21 hold for locational uncertainty models as well. The details

can be found in Section 4.6.

4.2.2 c-exp-kernel Under the Subset Constraint

First, we show that under the subset constraint (i.e., the e-EXP-KERNEL is required
to be a subset of the original point set, with the same probability distribution for

each chosen point), there exists no e-EXP-KERNEL with small size in general. ©

Lemma 25. For some constant € > 0, there exist a set P of stochastic points such
that no o(n) size e-EXP-KERNEL ezists for P under the subset constraint (for both

locational model and existential model).

Proof. To see this in the existential uncertainty model, simply consider n points, each
with existence probability 1/n. n/2 of them co-locate at the origin and the other n/2
of them co-locate at x = 1. It is not hard to see that the expected length of the
diameter is ©(1) but the expected length of the diameter of any o(n) size subset is
only o(1) (with high probability, no point would even appear).

The case for the locational uncertainty model is as simple. Again, consider n
points. For each point, with probability 1/n, it appears at z = 1. Otherwise, its
position is the origin (with probability 1—1/n). It is not hard to see that the expected
length of the diameter of the original point set is €2(1), while that of any o(n) size
subset is only o(1) (with high probability, no point would realize at = = 1). O

5This is a folklore result. A proof of the 2D case can be found in [31]. The general case is a
straightforward extension and we provide a proof in Section 4.6 for completeness.

61f we require the e-EXP-KERNEL to be a subset of the original point set, but with possibly different
probability for each chosen point, we do not know whether there always exists an e-EXP-KERNEL
with small size.
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In light of the above negative result, we make the following [-assumption: we as-
sume each possible location realizes a point with probability at least (3, for a constant

B > 0. The proof of the following theorem can be found in Section 4.6.

Theorem 26. Under the B-assumption, in the existential uncertainty model, there is
an e-EXP-KERNEL in R? of size O(B~ (@ De=(@=1/210g(1/¢)) that satisfies the subset

constraint.

4.3 e-Kernels for Probability Distributions of Width

Recall S is an (g, 7)-QUANT-KERNEL if for all z > 0, Prpp [w(P, ) <(1—e)x|—7<
Prp.s [w(S, u) < x} < Prp.p [w(P, w) < (1+ 5)30] + 7. For ease of notation, we
sometimes write Pr{w(P, @) < t] to denote Prpp [w(P, @) < t], and abbreviate the
above as Pr [w(S, ) < JJ] € Pr [w(P,ﬁ) <1+ 5)95] + 7. We first provide a simple
linear time algorithm for constructing an (e, 7)-QUANT-KERNEL for both existential
and locational models, in Section 4.3.1. The points in the constructed kernel are
not independent. Then, for existential models, we provide a nearly linear time (e, 7)-
QUANT-KERNEL construction where all stochastic points in the kernel are independent

in Section 4.3.2.

4.3.1 A Simple (g, 7)-quant-kernel Construction

In this section, we show a linear time algorithm for constructing an (e, 7)-QUANT-
KERNEL for any stochastic model if we can sample a realization from the model in

linear time (which is true for both locational and existential uncertainty models).

Algorithm:coreset. Let N = O(r72c7(@"Dl]ogl). We sample N independent real-
izations from the stochastic model. Let H; be the convex hull of the present points
in the ith realization. For H;, we use the algorithm in [7] to find a deterministic
e-kernel & of size O(~(@~1/2). Our (e, 7)-QUANT-KERNEL & is the following simple
stochastic model: with probability 1/N, all points in &; are present. Hence, S consists

of O(77273@=1/2]1og 1) points (two such points either co-exist or are mutually ex-
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clusive). Hence, for any direction @, Pr(w(S, @) < ¢ = + SOV I(w(&, @) < t), where
I(-) is the indicator function.

For a realization P ~ P, we use £(P) to denote the deterministic e-kernel for P.
So, £(P) is a random set of points, and we can think of &, ..., Ey as samples from

the random set. Now, we show S is indeed an (g, 7)-QUANT-KERNEL. We start with

the following simple observation.

Observation 27. For any t > 0 and any direction i, we have that
Prlw(P, i) < 1] < Prpplw(€(P),u) < 1] < Priw(P,u) < (1 +¢)t].

Proof. For any realization P of P, we have r=w(P, @) < w(E(P), @) < w(P,@). The

observation follows by combining all realizations. O]

We only need to show that S is an (g, 7)-QUANT-KERNEL for £(P). We need the

following two theorems.

Theorem 28. (Theorem 5.22 in [58]) (VC-dimension) Let S; = (X, R'),..., Sy =
(X, R¥) be range spaces with VC-dimension 6y, . . ., 0, respectively. Neat, let £(ry,... 1)
be a function that maps any k-tuple of sets 1y € RY,...,r, € R¥ into a subset of X.

Consider the range set
R = {f(r,...,m) | €RY,...,1 € RF}

and the associated range space (X, R'). Then, the VC-dimension of (X, R') is bounded
by O(kdlog k), where § = max; d;.

Suppose (X,R) is a range space and p is a probability measure over X. We say a
subset C' C X is an e-approximation of the range space if for any range R € R, we have
po(R) — p(R)| < e, where puc(R) = |C N R|/|C|. We need the following celebrated

uniform convergence result, first established by Vapnik and Chervonenkis [105].

Theorem 29. (See Theorem 4.9 in [1}]) Suppose (X, R) is any range space with

VC-dimension at most V, where | X| is finite and p is a probability measure defined
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over X. For any e,6 > 0, a random subset C C X (according to p) of cardinality
s=0 (72 (V +1og(1/d))) is an e-approximation for X with probability 1 —§.

Now, we are ready to prove the main lemma in this section.

Lemma 30. Let N = O(772¢7@Ylog(1/e)). For anyt > 0 and any direction i,
Pr{w(S, @) < t] € Prpuplw(E(P), @) <t] £ 7.

Proof. Let L = O(e~@=1/2). We first note that £(P) has at most n” possible re-
alizations since each e-kernel is of size at most L, We first build a mapping g that
maps each realization £(P) to a point in R as follows: Consider a realization P of
P. Suppose E(P) = {(x1,...,2L),..., (zF, ... 2k)} (if |E(P)| < L, we pad it with
(0,...,0)). We let

g EP)) = (z},...,xb .. 2l 2k e R

For any ¢ > 0 and any direction @ € R? note that w(E(P), @) > t holds if and only if
there exists some 1 < i,5 < |E(P)|,i # j satisfies that 3>¢_, (zk — 2] )i > t, which is
equivalent to saying that point g(€(P)) is in the union of those O(|€(P)|?) halfspaces
(for each i, j, we have one such halfspace).

Let X be the image set of g. Let (X,R%) (1 <1i,7 < L,i # j) be a range space,
where R is the set of halfspaces {@ = (@1, ..., 44) € R | S0 (zh — o))y > t}.
Let R' = {Ur;; | ri; € R".,4,5 € [L]}. Note that each (X, R"/) has VC-dimension
d+ 1. By Theorem 28, we can see that the VC-dimension of (X, R’) is bounded by
O((d+1)L*1g L?) = O(~"Y1og(1/e)). Notice that S = {&,,...,En} is a collection
of samples from £(P). Hence, by Theorem 29, for any ¢ and any direction @, we have

that Pr{w(S,4) <t] € Prpplw(E(P),u) <t]£T. O
Combining Observation 27 and Lemma 30, we obtain the following theorem.

Theorem 31. Let N = O(1 2= (@ Vlog(1/¢)). For anyt > 0 and any direction i,
we have that

Priw(S,4) <t] € Prlw(P,u) < (1L£e)t)| £
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Running time. In each sample, the size of an e-kernel K; is at most O (e=(=1/2).
Note that we can compute K; in O(n+e~(@=%2)) time [26, 88]. We take O (772~ (" log(1/¢))
samples in total. So the overall running time is O (nT 2~V log(1/e) + poly (L)) =
O (n7=2e~@=D). In summary, we obtain our main result for (¢, 7)-QUANT-KERNEL

in this subsection.

Theorem 4. (restated) An (¢,7)-QUANT-KERNEL of size O (123072} can be
constructed in O (m"zg_(d_l)) time, under both existential and locational uncertainty

models.

4.3.2 Improved (g, 7)-quant-kernel for Existential Models

In this section, we show an (e, 7)-QUANT-KERNEL S can be constructed in nearly lin-
ear time for the existential model, and all points in S are independent of each other.
The size bound O(7~2~(@1) (see Theorem 5) is better than that in Theorem 4 for
the general case, and the independence property may be useful in certain application-
s. Moreover, some of the insights developed in this section may be of independent
interest (e.g., the connection to Tukey depth). Due to the independence requirement,
the construction is somewhat more involved. For ease of the description, we assume
the Euclidean plane first. All results can be easily extended to R?. We also assume
that all probability values are strictly between 0 and 1 and 0 < e,7 < 1/2 is a fixed
constant.

Let A(P) = Y., cp(—=In(1 — p;)). In the following, we present two algorithms.
The first algorithm works for any A(P) and produces an (e, 7)-QUANT-KERNEL S
whose size depends on A(P). In Section 4.3.2, we present the second algorithm that
only works for A\(P) > 31In(2/7) but produces an (¢, 7)-QUANT-KERNEL S with a
constant size (the constant only depends on ¢, 7 and §). Thus, we can get a constant
size (¢, T)-QUANT-KERNEL by running the first algorithm when A\(P) < 31n(2/7) and

running the second algorithm otherwise.
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Algorithm 1: For Any A\(P)

In this section, we present the first algorithm which works for any A(P). We can
think of each point s associated with a Bernoulli random variable X, that takes value
1 with probability ps and 0 otherwise. Now, we replace the Bernoulli random variable
X, by a Poisson distributed random variable X, with parameter A, = — In(1 — p,)
(denoted by Pois(\y)), i.e., Pr[X, = k] = & M e for k = 0,1,2,.... Here, X, = k
means that there are k realized points located at the position of s. We call the new
instance the Poissonized instance corresponding to P. We can check that Pr[)?s =
0] = e =1—p, = Pr[X, = 0]. Also note that co-locating points do not affect any
directional width, so the Poissonized instance is essentially equivalent to the original
instance for our problem.

The construction of the (g, 7)-QUANT-KERNEL S is as follows: Let 2 be the prob-
ability measure over all points in P defined by A({s}) = A;/A for every s € P, where
A= AP) = > .cpXs- Let 7y be a small positive constant to be fixed later. We
take N = O(77?) independent samples from 2 (we allow more than one point to
be co-located at the same position), and let 8 be the empirical measure, i.e., each
sample point having probability 1/N. The coreset S consists of the N sample points
in 9B, each with the same existential probability 1 —exp (—A/N). A useful alternative
view of § is to think of each point associated with a random variable Y, following dis-
tribution Pois(A/N) (i.e., the Poissonized instance corresponding to §). This finishes
the description of the construction.

Now, we start the analysis. Our goal is to show that S is indeed an (g, 7)-QUANT-
KERNEL. The following theorem is a special case of Theorem 29 (specialized to the

range space consisting of all halfplanes), which shows that the empirical measure B

is close to the original measure 2l with respect to all half spaces.

Theorem 32. [14, 82] We denote the set of all halfplanes by H. With probability
1—6, the empirical measure B (defined by N = O(1; ?log(1/0)) independent samples)
satisfies the following:

sup |A(H) —B(H)| < 7.

HeH N
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From now on, we assume that B satisfies the statement of Theorem 32. We first
observe a simple but useful lemma, which is a consequence of Theorem 32. For a

halfplane H, we use H |= 0 to denote the event that no point is realized in H.

Lemma 33. With probability 1 — 6, for any halfplane H € H, we have that
Prs[H |= 0] € (1+O(\ry))Prp[H = 0].

Proof. Fix an arbitrary halfplane H € H. Consider the Poissonized instance corre-
sponding to P. We first observe that Prp [H = 0} = Prp [ZserH Xs = 0}. Since X
follows distribution Pois(Xs), >, cpns X follows Poisson distribution Pois (3", cprp As)-
Similarly, we have that Prs[H |= 0] = Prs[> csnp Yo = 0] since Y, gy Yo follows
Pois (>, csnm A/N). Hence, we can see the following:

Prp[H |= 0] = exp ( Z As) = exp (= \A(H))

cexp (—A(B(H) £ 7)) =exp (- Z % + 7))
€ (1£0(M))exp (— Z %) = (1+0(\m))Prs[H [=0].

seSNH

The first inequality follows from Theorem 32 and the second is due to the fact that

ef>1l—cande® <1+ (e—1)eforany 0 <e < 1. O

For two real-valued random variables X, Y, we define the Kolmogorov distance
dr(X,Y) between X and Y to be dx(X,Y) = sup,p [Pr[X < t] — Pr[Y <t]|. We

also need the following simple lemma.

Lemma 34. Suppose we have four independent random variables X, X', Y and Y’
such that dg(X, X") < e and dg(Y,Y') < e for some e > 0. Then, dg(X +Y, X' +
Y') < 2e.

Proof. We need the following useful elementary fact about Kolmogorov distance: Let
X, Y, Z be real-valued random variables such that X is independent of Y and indepen-
dent of Z. Then we have that dxg (X +Y, X +7) < dg(Y,Z). The rest of the proof is
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straightforward: dg(X+Y, X'+Y") <dg(X+Y, X+Y')+dg(X+Y", X' +Y’) < 2¢.
The first inequality is the triangle inequality. m

Now, we are ready to show that S is really an (e, 7)-QUANT-KERNEL. We note
that in this subsection our bound is stronger than (??) in that we do not need to relax
the length threshold. We first prove the theorem under a simplified assumption: we
assume that there is a point s* € R? (not necessarily an input point), which we call
the special point, that lies in the convex hull of P with probability at least 1 — §/2.
With the assumption, the proof is much simpler but still instructive as the analysis in
Section 4.3.2 is an extension of this proof. The general case is proved in Theorem 36

and the proof is more technical and the size bound is slightly worse.
Theorem 35. Assume that there is a special point s* € R? that lies in the convex
hull of P with probability at least 1 — /2. The parameters of the algorithm are set as

leo(g) and N:O(%b%):@(i-jb%).

With probability at least 1 — &, for any t > 0 and any direction @, we have that
Pr [w(S, ) < t] € Pr [w(P, i) < t} +7. (4.3)

Proof. We first condition on the event that s* is in the convex hull of all realized
points (which happens with probability at least 1 — 6/2). The remainder needs to
hold with probability at least 1 — §/2. Under the condition, we can pretend that s*
is a deterministic point in the original point set (this does not affect any directional
width as s* is in the convex hull).

Fix an arbitrary direction @ (w.l.o.g., say it is the z-axis). Rename all points as
S1,89,...,8, according to the increasing order of their projections to @. Suppose s*
is renamed as si. Let the random variable L be the directional width of {s,..., sk}
with respect to @ and R be the directional width of {sy,...,s,} with respect to .
Since s* is assumed to be within the left and right extents, we can easily see that

w(P,u) = L+ R. Similarly, we define L’ (R’ resp.) to be the directional width of all
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points in S to the left (right resp.) of s*. Since the convex hull of S contains s*, we
can also see that w(S, %) = L'+ R'. By Lemma 33, we know that dg (L, L) < O(A1y)
and dg (R, R') < O(A11). By Lemma 34, we have that dg (w(S, ), w(P,w)) < O(A1y).
Let 7, = O(7/)), the theorem follows. O

Now, we prove the theorem in the general case, where the main difficulty comes
from the fact that we can not separate the width into two independent parts L and

R. The proof is somewhat technical and can be found in Section 4.7.

max 2 )4
Theorem 36. Let 7 = O(m) and N = O(Ti%log%) = O(%log%).
With probability at least 1 — 9, for any t > 0 and any direction i, we have that

Pr [w(s,a) < t} € Pr [w(P,ﬁ) < t} £

Algorithm 2: For \(P) > 31n(2/7)

In the second algorithm, we assume that A(P) = >___p As > 3In(2/7). When A(P) is
large, we cannot directly use the sampling technique in the previous section since it
requires a large number of samples. However, the condition \(P) > 31n(2/7) implies
there is a nonempty convex region K inside the convex hull of P with high probability.
Moreover, we can show the sum of \, values in K = R?\ K is small. Hence, we can
use the sampling technique just for I and use the deterministic e-kernel construction
for IC.

Now, we describe the details of our algorithm. Again consider the Poissonized
instance of P. Imagine the following process. Fix a direction @ € S'. 7 We move
a sweep line ¢z orthogonal to w, along the direction u, to sweep through the points
in P. We use Hz to denote the halfplane defined by ¢z (with normal vector )
and Hy denote its complement. So P(Hz) = P N Hy is the set of points that
have been swept so far. We stop the movement of ¢z at the first point such that
> sch, As = In(2/7) (ties should be broken in an arbitrary but consistent manner).
One important property about Hj is that Pr[H; |= 0] < 7/2. We repeat the above
process for all directions @ € S! and let H = NzHz. Since A(P) > 3In(2/7), by

"Here, S' is the surface of the unit ball in R?.
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Exn

S -H

‘ K=(0+e)éx ‘
A EnCHCK lri 0y

Figure 4-2: The construction of the (&, 7)-QUANT-KERNEL S. The dashed polygon is
. The inner solid polygon is ConvH(&y ) and the outer one is K = (1+¢)ConvH(&Ey).
K is the set of points outside K.

Helly’s theorem, H is nonempty. A careful examination of the above process reveals
that H is in fact a convex polytope and each edge of the polytope is defined by two
points in P. ® Moreover, H is the region of points with Tukey depth at least In(2/7).
9

The construction of the (&, 7)-QUANT-KERNEL S is as follows. First, we use the
algorithm in [7] to find a deterministic e-kernel & of size O(s71/2) for H. One
useful property of the algorithm in [7] is that £ is a subset of the vertices of H.
Hence the convex polytope ConvH(Ey) is contained in H. Since & is an e-kernel,
(1 + &)ConvH(&y)) (properly shifted) contains H. ° Let K = (1 + &)ConvH(&y) and
K =P\ K. See Figure 4-2.

Now, we apply the random sampling construction over K. More specifically, let
A= MK) = Y. cenp As- Let A be the probability measure over P N K defined by
A({s}) = /A for every s € PNK. Let 7, = O(7/\). We take N = O(7; *log(1/6))

independent samples from 2 and let B be the empirical distribution with each sample

8This also implies that we only need to do the sweep for (’;) directions. In fact, by a careful
rotational sweep, we only need O(n) directional sweeps.

9The Tukey depth of a point z € P is defined as the minimum total weight of points of P
contained in a closed halfspace whose bounding hyperplane passes through =x.

10Tn fact, most existing algorithms (e.g., [7]) identify a point in the interior of H as origin, and com-
pute an e-kernel £ such that £(Ey, @) > ﬁf(’}—[, @) for all directions . So, H C (1 +¢&)ConvH(Ey)
since f(H, @) < £((1 4 €)ConvH(Ey), @) for all directions .
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point having probability 1/N. The (e, 7)-QUANT-KERNEL S consists of the N points
in B8, each with the same existential probability 1 —exp (—A/N), as well as all vertices
of K, each with probability 1. This finishes the construction of S.

Now, we show that the size of S is constant (only depending on ¢ and ¢), which

is an immediate corollary of the following lemma.
Lemma 37. A= \K) =Y, g\ = O(%)

Proof. We can see that K is the union of O(s7'/2) half-planes, each defined by a
segment of KC. It suffices to show the sum of A\, values in each half-plane is O(In(1/7)).
Consider the half-plane H(sy, s9) defined by segment (s, s2) of L. Suppose s is the
vertex of H that is closest to the line (s1, s2). Let (s',s) and (s, s”) be the two edges of
H incident on s. Clearly, H(s',s)U H(s,s”), the union of the two half-planes defined
by (s',s) and (s, s”), strictly contains H (s, s3). See Figure 4-2 for an illustration.

Hence, > c (s, 5,) As 15 at most 2In(1/7). O

Now, we prove the main theorem in this section. The proof is an extension of
Theorem 35. Here, the set I plays a similar role as the special point s* in Theorem 35.
Unlike Theorem 35, we also need to relax the length threshold here, which is necessary

even for deterministic points.

Theorem 38. In R% let A = \(K) and 7, = O(7/)\), and N = O(T%log %) -
1
O<1n2 1T log %) With probability at least 1 — 9, for any t > 0 and any direction i, we

eT2

have that
Pr [w(S, ) < t] € Pr [W(P, 7)< (1+ 5)4 +7 (4.4)

Proof. The proof is similar to Theorem 35. Fix an arbitrary direction # (w.l.o.g., say it
is the z-axis). Rename all points in P as sy, o, . . ., $,, according to the increasing order
of their z-coordinates. We use z(s;) to denote the z-coordinate of s;. Let ¢, (or £) be
the vertical line that passes the leftmost endpoint of £ (or the rightmost endpoint
of &4). We use z(¢1) (or z(¢gr)) to denote the = coordinate of ¢; (or ¢g) and let
d(lr,lr) = |x(€L) — x(¢R)|. Suppose that sq,..., s lie to the left of 1, and s,,..., s,
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lie to the right of {g. Let the random variable L = z(¢;) — £({s1,...,sr}, —@) and
R=1({sy,...,sp},u)—x(lg). Let W = L+ R+d({g, {1). We can see that IV is close
to w(P,w) in the following sense. Let E denote the event that at least one point in
{s1,..., 8k} is present and at least one point in {s,,...,s,} is present. Conditioning
on E, W is exactly w(P,@). Moreover, we can easily see Pr[E] > (1—7/2)>>1—7.

Hence, we have

PrW <t]—7 < (1—7)Pr[W <] <Prjw(P,u) <t| E|Pr[E]
< Prlw(P,u) < t] = Prjw(P,u) <t | E|Pr[E] + Pr[w(P,u) < t|-E|Pr[-E]

< Pr[W <t]+

Similarly, we let ¢ (or ;) be the vertical line that passes the leftmost endpoint of
K (or the rightmost endpoint of ). Suppose that si, ..., s} (points in §) lie to the left
of £, and si, ..., sy lie to the right of 5. We define L' = z(¢}) — £({s},...,s;}, —u)
and R’ = f({s),..., sy}, @) —x(fz). We can also see that w(S,u) = L'+ R +d({g, (1)

Let d, = x(0y) — x(¢}) and dg = z({y) — x(fg). Let Hy be the half-plane
{(z,y) | < x(¢}) —t}. We can see that for any t > 0,

Pr[L <t+dr] — O(\r) = Pr[X(Hy) = 0] — O(A71)
< Pr[l/ <t]=Pi[Y(Hy) = 0] < Pr[X(Hy) = 0] + O(A7y)

=Pr[L <t+di]+O(\n),
where the inequalities hold due to Lemma 33. Similarly, we can see that for any ¢t > 0,
Pr[R<t+dg] — O(Am) < Pr[R <t] <Pr[R<t+d;]+O(\m).
Therefore, by Lemma 34, we have that for any ¢t > 0,

PriL+ R <t+dp+dg] —O(\n) <Pr[l'+ R <t] <Pr[L+ R <t+dg+dg]+ O(\n).
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Therefore, we can conclude that for any ¢t > d(¢;, (%),

w(Pr[S,d) < t] =Pr[Ll' + R +d(¢;,lR) <]
€ Pr[L+ R+d({},l) <t+dp+dg] £ 0(A\n)
=Pr[L+ R+d({g,lg) < t] £ O(\y)
= Pr[W < {] + O(Mn)
= Prjw(P, @) < t] £ O(Ar, + 7).

Noticing that 7 > Prw(P, @) < d({r,lg)] > Priw(P, @) < (1 —e)d(¢}, lR)], we can
obtain that, for any ¢ < d(¢}, (%), Prlw(S, %) < t] =
Moreover, it is trivially true that Prjw(S,4) < t] =
The proof is completed. n

Higher Dimensions. Our constructions can be easily extended to R? for any con-
stant d > 2. The sampling bound (Theorem 32) still holds if the number of samples is
O(dr;*1og(1/d)) = O(7;*1og(1/5)). Hence, Theorem 35 and Theorem 36 hold with
the same parameters (d is hidden in the constant). In order for Algorithm 2 to work,
we need A(P) > (d + 1)In(2/7) to ensure H is nonempty. Instead of constructing
an e-kernel &, with O(e~(4=1)/2) vertices, we construct a convex set K which is the
intersection of O(s~(@~1/2) halfspaces and satisfies (1 — )KL € H C K (this can be
done by either working with the dual, or directly using the construction implicit in
[37]).

Now, we briefly sketch how to compute such IC using the dual approach. We first
compute the dual H* of H in R% Recall the dual (also called the polar body) H* of
H is defined as the set {x € R? | (x,y) < 1,y € H}. H* has O(n?) vertices (each
corresponding to a face of H). Then, compute an e-kernel &, with O(s~(4-1)/2)
vertices for H*. Taking the dual of £, gives the desired K, which is an intersection
of O(e~(@=1/2) halfspaces (each corresponding to a point in &;.). The correctness
can be easily seen by an argument through the gauge function g(&., x) = min{\ >

0] x e X} Since & C H* C (1 + ¢)&f., we can see that 1+6 9(&px) =
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g(1 4+ ¢)&p,x) < g(H*, z) < g(Eu, ). The correctness follows from the duality
between the gauge function and the support function, which says ¢(&., ) = (K, z)
and g(H*, z) = f(H,z) for all z € ST (see e.g., [95]).

We generalize Lemma 37 for R? by the following lemma.

Lemma 39. There is a convex set K, which is an intersection of O(e~@=1/2) halfs-

paces and satisfies (1—e)IC C H C K. Moreover, we have that \(K) = O(e~@=Y/21In(1/7)).

Plugging the new bound of A\(K), we can see that it is enough to set

1 1 ~
N = O(r % @ V]og gpolylog—) = O(e=(@=Dr=2),
T

Running Time. The algorithm in Section 4.3.2 takes only O(Nn) time (where
N is the size of the kernel, which is constant if €, 7 and A are constant). The
algorithm in Section 4.3.2 is substantially slower. The most time consuming part is
the construction of H, which is the intersection of all halfspaces. In R%, we need to
sweep O(n?) directions (each determined by d points). So the polytope H may have
O(n?) faces. Using the dual approach, we can compute K in O(n?) time (linear in

the number of points in the dual space) as well. Overall, the running time is O(n?).

A Nearly Linear Time Algorithm for Constructing (¢, 7)-quant-kernels

We describe a nearly linear time algorithm for constructing an (¢, 7)-QUANT-KERNEL
in the existential uncertainty model. As mentioned before, the algorithm in Sec-
tion 4.3.2 takes linear time. So we only need a nearly linear time algorithm for con-
structing H (and K). Note that H is the set of points in R? with Tukey depth at least
In(2/7). One tempting idea is to utilize the notion of e-approximation (which can be
obtained by sampling) to compute the approximate Tukey depth for the points, as
done in [87]. However, a careful examination of this approach shows that the sample
size needs to be as large as O(A(P)) (to ensure that for every halfspace, the difference
between the real weight and the sample weight is less than, say 0.1In(2/7)). Another
useful observation is that only points with small (around In(2/7)) Turkey depth are
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relevant in constructing H. Hence, we can first sample an e-approximation of very
small size (say k = O(logn)), and use it to quickly identify the region #; in which all
points have large (i.e., A(P)/k) Turkey depth (so H; C H). Then, we can delete all
points inside H; and focus on the remaining points. Ideally, the total weight of the
remaining points can be reduced significantly and a random sample of the same size
k would give an &’-approximation of the remaining points for some ¢’ < . We repeat
the above until the total weight of the remaining points reduces to a constant, and
then a constant size sample suffices. However, it is possible that all points have fairly
small Tukey depth (consider the case where all points are in convex position), and
no point can be removed. To resolve the issue, we use the idea in Lemma 37: there
is a convex set Ky slightly larger than #; such that the weight of points outside K
is much smaller. Hence, we can make progress by deleting all points inside ;. Since
ICq is only slightly larger than H;, we do not lose too much in terms of the distance.
Our algorithm carefully implements the above iterative sampling idea.

For ease of exposition, we first focus on R?. Consider the Poissonized instance of

P. We would like to find two convex sets H and C satisfying the following properties.

P1. Assume without loss of generality that the origin is in H. We require that
1
=K CHCK.

P2. For a direction @ € S', we use H(H,u) to denote the halfplane which does
not contain H and whose boundary is the supporting line of H with normal
direction @. We require that M(H(H, %)) = > cppa s = In(2/7) for all

directions @ € S'.

P3. A(K) = O(1//%).

By a careful examination of our analysis in Section 4.3.2, we can see the above prop-
erties are all we need for the analysis.
Let ‘H* denote the H found using the exact algorithm in Section 4.3.2. We use

the following set of parameters:

z=0(logn), e =0 c , e2=0 = ).
logn logn
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Our algorithm proceeds in rounds. Initially, let Hy = ConvH({s € P | As > In(2/7)}).

In round i (for 1 <i < z), we construct two convex sets H; and K; such that
L. HoC Ko CHI CKi C...CH. CK,;

2. ﬁ/@ CH; CK; (K; and H; are very close to each other);

3. ﬁ%z C H* (H; is almost contained in H*);

4. MPNK;) < IAPNK,_1) (the total weight outside K; reduces by a factor of

at least one half).

We repeat the above process until A(K;) < O(1/+/%).

Before spelling out the details of our algorithm, we need a few definitions.

Definition 40. For a set P of weighted points in RY, we use TK(P,~) to denote the
set of points & € R with Tukey depth at least y. It is known that TK(P,7) is convex
(see e.g., [87]). By this definition, H* = TK(P,In(2/1)).

Recall the definition of e-approximation from Theorem 29. By Theorem 29 (or Theo-
rem 32), we can see that a set of O(7?log(1/4)) sampled points is an e-approximation
with probability 1 — 4.

We are ready to describe the details of our algorithm. Initially Hy = ConvH({s €
P | As > In(2/7)}) (obviously Hy € H*). Compute a deterministic e;-kernel Cy,
of Hy and let Ky = (1 + £1)ConvH(C%,). Delete all point in P N Ky and let P; be
the remaining points in P (i.e., P, = P N Ky). Let Ver(Ky) denote all vertices of Kg
(notice that some of them may not be original points in P).

Now, suppose we describe the ¢th round for general ¢ > 1. We have the remaining
vertices in P;_; and Ver(K;_1). Let each point s € P; has the same old weight A,
and each point in Ver(K;_1) has weight +o00 (to make sure every point in KC;_; has
Turkey depth +o00). Using random sampling on P;, obtain an €, -approximation &;
(of size L = O(g5?)) for P;. Then compute (using the brute-force algorithm described
in Section 4.3.2)

Hi = TK((C:, U Ver(/Ci_l), max{4€2A(7Di), 2 111(2/7’)})
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Note that K;—; C H,;. Compute a deterministic e5-kernel Cy;, of H; and let ; =
(1 + &1)ConvH(C%;) (hence ConvH(Cy,) € H; C K;). Then, we delete all points in
P NK; and add all vertices of IC; (denoted as Ver(K;)). Let P;;; be the remaining
points in P N K;.

Our algorithm terminates when \(P;) < O(1/4/€). Suppose the last round is 2.
Finally, we let H = m%z and K = IC,.

First we show the algorithm terminates after at most a logarithmic number of

rounds.
Lemma 41. z = O(logn).

Proof. If H; = TK(E U Ver(K;_1),21In(2/7)), then we stop since A(Piy1) < O(1/4/2)
by Lemma 37. Thus, we only need to bound the number of iterations where H; =
TK(&E U Ver(Ki_1), 4e:\(P)).

Initially, it is not hard to see that A(P;) < nlIn(2/7). Using Lemma 37, we can
see that A\(Pi1) = AP NK;) < O(5e2A(P;)/+/E1) < A(P;)/2 for the constant defining
e, sufficiently large. Hence, A\(P;) < A(P)/2". O

We need to show H and K satisfy P1, P2 and P3. P3 is quite obvious by our
algorithm. It is also not hard to see P1 since (1 +¢;)*™ <1+ ¢ and

1 1 1
- C

K. K,C—H,=HCH,CK, =K.
(1—|—€) - (1—|—€1)Z+1 (1+€1)Z

The most difficult part is to show P2 holds: For every direction @ € S*, A\(H(H, @)) =
Ysenm s = In(2/7). In fact, we show that H C H*, from which P2 follows

trivially, which suffices to prove the following lemma.

Lemma 42. ﬁ?—lz CH* for all0 < i< z. In particular, H C H*.

Proof. We prove the lemma by induction. Hy C H* clearly satisfies the lemma. For
ease of notation, we let n = 1/(1 + 7). Suppose the lemma is true for H; 1, from

which we can see that

n'Kio1 Cn' T 1 CH
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Now we show the lemma holds for H;. Consider the ith round. Let & be an ex\(P;)
-approximation for P; = P N K,_; and H; = TK(E U Ver(K;_1),4e:A(P;)).  Fix

an arbitrary direction @ € S' (w.l.o.g., assume that v = (0, —1), i.e., the downward

direction), let H(n'H;, @) be a halfplane whose boundary is tangent to n'H,;. It suffices

to show that M(H ("M, @) = 3 ccpm.a s > 0(2/7). We move a sweep line £z

orthogonal to w, along the direction @ (i.e., from top to bottom), to sweep through

the points in P; N Ver(K;_;) until the total weight we have swept is at least In(2/7).

We distinguish two cases:

1. ¢z hits a point s in Ver(kC;_;) (recall the weight for such point is +00). We
can see that s is the topmost point of I;_; and H; (or equivalently, ¢ is also
a supporting line for H;). Since n'K;_; C H* by the induction hypothesis, the
topmost point of n°kC;_; is lower than that for H*. The topmost point of n'k;_;
is also the highest point of 7'H;, from which we can see H (n'H,;, @) is lower than

H(H*, @), which implies that A\(H (n'H;,@)) > In(2/7).

2. {7 stops moving when it hits an original point in P;. Since max{3sA(P;),2In(2/7)—
e2A(P;)} > In(2/7), by definition of H;, H(H,;, @) can not be higher than /7. The
boundary of H(n'H,;, @) is even lower, from which we can see \(H (n'H;, @) >
In(2/7).

Hence, every point in °H; has Tukey depth at least In(2/7), which implies the lemma.

[]

Running time. In each round, we compute in linear time an eo-approximation &;

of size O(g5%log(1/8)) = polylog(n) (with § = poly(n) to ensure each probabilistic

event succeeds with high probability). KC; is a dilation of an e;-kernel. So the size

of Ver(K;) is at most 1/\/z1 = O(log"*n). Deciding whether a point is inside K;

can be solved in polylog(n) time, by a linear program with |Ver(K;)| variables. To

compute H;, we can use the brute-force algorithm described in Section 4.3.2, which

takes poly(|&; N Ver(KC;_1)|) = polylog(n) time. There are logarithmic number of

rounds. So the overall running time is O(npolylogn).
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Higher Dimension. Our algorithm can be easily extended to R? for any constan-

td>2 InRY welet e, = O(c/logn) and e, = O(g/logn)@Y/2. With the new
parameters, we can easily check that Lemma 41 still holds. We can construct an (e, 7)-
QUANT-KERNEL of size min{O (7'_2 max{\?, \*} log(l/d)) ,O(772e7 @D 1og(1/8)polylog(1/7)}.
The first term is from Theorem 36 and the second from the higher-dimensional ex-

tension to Theorem 38. Now, let us examine the running time. In R? |[Ver(K;)] is

at most 5;(d71)/2 = O(log(dfl)/2 n). So deciding whether a point is inside C; can be

solved in log®@ (n) time. Computing #; takes log®?(n) time using the brute-force
algorithm. So the overall running time is O(n1log?? n).

In summary, we obtain the following theorem for (¢, 7)-QUANT-KERNEL.

Theorem 5. (restated) P is a set of uncertain points in RY with existential uncertain-
ty. Let \=3_, .p(—In(1—p;)). There exists an (¢, T)-QUANT-KERNEL for P, which
consists of a set of independent uncertain points of cardinality min{5(7_2 max{\? \1}),
5(5’("[’1)7’2)}. The algorithm for constructing such a coreset runs in 5(71 1og®@ n)

time.

4.3.3 (e,7)-quant-kernel Under the Subset Constraint

We show it is possible to construct an (¢, 7)-QUANT-KERNEL in the existential model
under the S-assumption: each possible location realizes a point with a probability at

least 3, where 5 > 0 is some fixed constant.

Theorem 43. Under the [B-assumption, there is an (&,7)-QUANT-KERNEL in R?,
which is of size O(pu~"V/21og(1/u)) and satisfies the subset constraint, in the ewis-

tential uncertainty model, where p = min{e, 7}.

In fact, the algorithm is exactly the same as constructing an e-EXP-KERNEL and

the proof of the above theorem is implicit in the proof of Theorem 26.
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4.4 (e,r)-fpow-kernel Under the -Assumption

In this section, we show an (e, 7)-FPOW-KERNEL exists in the existential uncertainty
model under the S-assumption. Recall that the function T} (P, @) = maxcp (i, s)*/" —
mingep (i, s)/". For ease of notation, we write E[T,(P,@)] to denote Ep.p[T} (P, x)].
Our goal is to find a set S of stochastic points such that for all directions u € P*, we
have that E[T,.(S, )] € (1 + ¢)E[T,(P, @)].

Our construction of S is almost the same as that in Section 4.3.1. Suppose we
sample N (fixed later) independent realizations and take the eo-kernel for each of
them. Suppose they are {&;,...,En} and we associate each a probability 1/N. We
denote the resulting (e,7)-FPOW-KERNEL by §. Hence, for any direction @ € P*,
E[T,(S,u)] = % SV T.(&, @) and we use this value as the estimation of E[T}(P, @)].
Now, we show S is indeed an (g, 7)-FPOW-KERNEL.

Recall that we use £(P) to denote the deterministic e-kernel for any realization

P ~ P. We first compare P with the random set £(P).

Lemma 44. For any t > 0 and any direction U € P*, we have that
(1 —¢/2)E[T.(P,u)] < Epp[T(E(P), w))] < E[T,(P, u)].

Proof. By Lemma 4.6 in [7], we have that (1—¢/2)T,.(P,u) < T,.(E(P),u) < T,(P,u).

The lemma follows by combining all realizations. O]

Now we show that S is an (g,7)-FPOW-KERNEL of £(P). We first prove the
following lemma. The proof is almost the same as that of Lemma 30, and can be
found in Section 4.8.

Lemma 45. Let N = O(gl_Zgg(d_l)/Z log(1/e9)), where eg = (e/4(r — 1))", &1 = 2.
For any t > 0 and any direction u € P*, we have that

Prp.s[max(i, s)"/" > t] € Prp.p| max (i, s)/" > t)]| & £,/4, and
sepP seE(P)

PrpNS[rsréi}r}{U, VT >t € Prpr[Sgéi(%)(ﬁ, ST > )] £e, /4.
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Lemma 46. Let N = O(B %~ d=+9/210g(1/¢)) and g9 = (¢/4(r — 1))". S con-

structed above is an (g,7)-FPOW-KERNEL in RY.

Proof. Fix a direction @ € P*. Let A = max,cp (i, s)"/", B = mingep (i, s)"/". We
observe that B < max,ep (U, 3)1/’" < A for any realization P ~ P. We also need the
following basic fact about the expectation: For a random variable X, if Pr[X > a] =1,

then E[X] = [ Pr[X > z]dz + b for any b < a. Thus, we have that

A
Ep.p[ ma 6,31/7":/ Prp.p| max (@, s)"/" > z]dz + B
P P[seg(§)< > ] B P 73[seS(fé)< > - ]

A
< / Prpslmax(i,s) /" > 2lde + B + (A — B)/4
B sE

= Ep-slmax(i, s)"/"] +1(A - B)/4,

where the first inequality is due to Lemma 45. Similarly, we can show the following

two inequalities:

EPNS[I&%W’ Y € Epop [Srerclgz(m}}é)@, Y +e(A - B)/4,

Ep.s[min(@, s)/"] € Epp[ min (@, s)*/"] £ &1(A — B) /4.
prsmin(i, ) /'] € Ep p[sgg(g)w s) " £ e )/
Recall that T,.(P, if) = max,ep(i, s)'/" — minep (i, s)'/". By the linearity of expecta-

tion, we conclude that
E[T.(P,u)] € Epp|T,(E(P),u)] £1(A— B)/2.

Combining Lemma 44, we have that E[T,.(S, )| € (1+¢/2)E[T, (P, u)]+te1(A—B)/2.
By the B-assumption, we know that E[T,.(P,@)] > 8?(A — B). Thus, (A — B)/2 <
SE[T.(P, @)], and EIT,(S, )] € (1% <)E[T,(P, ). a

Running time. In each sample, the size of a deterministic go-kernel &; is at most
O(eq (@=1)/ 2). Note that constructing an ej-kernel can be solved in linear time.

We take O(al’zéa(dflw log(1/e0)) samples in total. So the overall running time is

O(nB1e=d=m+9/210g(1 /¢) + poly(1/)) = O (ne~rd=7+9/2),
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Note that each gg-kernel contains O(e~"(@~1/2) points. We take N = O(gl_Qea(d_l)/Q log(1/20))
independent samples. So the total size of (g, 7)-FPOW-KERNEL is O(3~1~("4=+2) Jog(1/¢)).

In summary, we obtain the following theorem.

Theorem 7. (restated) An (g,7)-FPOW-KERNEL of size O(e~ =2} can be con-
structed in O (ne_(’”d_”‘l)/z) time in the existential uncertainty model under the [3-
assumption. In particular, the (,r)-FPOW-KERNEL consists of N = O(g~(rd=r+4)/2)
point sets, each occuring with probability 1/N and containing O(s~"4=1/2) determin-

1stic points.

4.5 Applications

In this section, we show that our coreset results for the directional width problem
readily imply several coreset results for other stochastic problems, just as in the
deterministic setting. We introduce these stochastic problems and briefly summarize

our results below.

4.5.1 Approximating the Extent of Uncertain Functions

We first consider the problem of approximating the extent of a set H of uncertain
functions. As before, we consider both the existential model and the locational model

of uncertain functions.

1. In the existential model, each uncertain function & is a function in R¢ associated
with a existential probability p;, which indicates the probability that A presents

in a random realization.

2. In the locational model, each uncertain function h is associated with a finite
set {hi, ho,...} of deterministic functions in R?. Each h; is associated with a
probability value p(h;), such that ) . p(h;) = 1. In a random realization, h is
independently realized to some h;, with probability p(h;).

We use H to denote the random instance, that is a random set of functions. We

use h € H to denote the event that the deterministic function h is present in the
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instance. For each point € RY, we let the random variable € (z) = maxyecy h(x) —
mingey h(x) be the extent of H at point x. Suppose S is another set of uncertain
functions. We say S is the e-EXP-KERNEL for H if (1 — ¢)&y(z) < €s(z) < Ex(z)
for any x € R%. We say S is the (g, 7)-QUANT-KERNEL for H if Prg.s [Qfg(x) < t] €
Pry.u [(’EH(I) < (14e)t| £¢. for any t > 0 and any = € R<.

Let us first focus on linear functions in R¢. Using the duality transformation that
maps linear function y = a1y + ... + agwq + agy1 to the point (ay,. .., aq41) € R
we can reduce the extent problem to the directional width problem in R Let H
be a set of uncertain linear functions (under either existential or locational model)
in R? for constant d. From Theorem 20 and Corollary 17, we can construct a set S
of O(n??) deterministic linear functions in R?, such that €g(z) = E[Ey(z)] for any
x € R% Moreover, for any £ > 0, there exists an e-EXP-KERNEL of size O(s~%?)
and an (¢,7)-QUANT-KERNEL of size O(r2c7%). Using the standard linearization

technique [7], we can obtain the following generalization for uncertain polynomials.

Theorem 47. Let H be a family of uncertain polynomials in RY (under either ex-
istential or locational model) that admits linearization of dimension k. We can con-
struct a set M of O(n**) deterministic polynomials, such that €y(z) = E[Ey(x)]
for any x € R, Moreover, for any ¢ > 0, there erists an ¢-EXP-KERNEL of size
O(e7%/2) and an (¢, 7)-QUANT-KERNEL of size min{O (72 max{\2, \*}), O(c*772)}

Here X =3, 4, (=In(1 —py)).

Now, we consider functions of the form u(z) = p(z)"/" where p(z) is a polynomial
and r is a positive integer. We call such a function a fractional polynomial. We
still use H to denote the random set of fractional polynomials. Let H* C R? be
the set of points such that for any points x € H* and any function v € H, we
have u(z) > 0. For each point z € H*, we let the random variable &,y (z) =
maxpey h(z)Y" — minyey h(z)'/". We say another random set S of functions is the
(e,7)-FPOW-KERNEL for H if (1 —¢)€, (z) < €, s(z) < €, 4(x) for any z € H*. By

the duality transformation and Theorem 7, we can obtain the following result.

Theorem 48. Let H be a family of uncertain fractional polynomials in R? in the
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existential uncertainty model under the [-assumption. Further assume that each
polynomial admits a linearization of dimension k. For any € > 0, there exists an
(e,7)-FPOW-KERNEL of size O(c~"*"+2). Furthermore, the (e,r)-FPOW-KERNEL
consists of N = O(s_(’“k_”‘l)/?) sets, each occurring with probability 1/N and con-

taining O(&?_’"(k_l)/Q) deterministic fractional polynomaials.

4.5.2 Stochastic Moving Points

We can extend our stochastic models to moving points. In the existential model, each
point s is present with probability p, and follows a trajectory s(¢) in R when present
(s(t) is the position of s at time ¢). In the locational model, each point s is associated
with a distribution of trajectories (the support size is finite) and the actual trajectory
of s is a random sample for the distribution. Such uncertain trajectory models have
been used in several applications in spatial databases [111]. For ease of exposition, we
assume the existential model in the following. Suppose each trajectory is a polynomial
of t with degree at most r. For each point s, any direction @ and time ¢, define the
polynomial fi(i,t) = (s(t), @) and let H include f; with probability ps. For a set P of
points, the directional width at time ¢ is €4(u,t) = maxgep fs(U, t) — mingep f4(, t).
Each polynomial f; admits a linearization of dimension & = (r + 1)d — 1. Using
Theorem 47, we can see that there is a set M of O(n?*) deterministic moving points,
such that the directional width of M in any direction # is the same as the expected
directional width of P in direction w. Moreover, for any € > 0, there exists an e-EXP-
KERNEL (which consists of only deterministic moving points) of size O(e~*~1/2) and
an (€, 7)-QUANT-KERNEL (which consists of both deterministic and stochastic moving

points) of size O(e~*72).

4.5.3 Shape Fitting Problems

Theorem 47 can be also applied to some stochastic variants of certain shape fitting
problems. We first consider the following variant of the minimum enclosing ball

problem over stochastic points. We are given a set P of stochastic points (under either
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existential or locational model), find the center point ¢ such that E[maxscp ||s — c||?]
is minimized. It is not hard to see that the problem is equivalent to minimizing the
expected area of the enclosing ball in R%. For ease of exposition, we assume the
existential model where s is present with probability ps. For each point s € P, define
the polynomial h,(z) = ||z||*—2(z, s)+||s||?, which admits a linearization of dimension
d+ 1 [7]. Let H be the family of uncertain polynomials {hs}sep (hs exists with
probability ps). We can see that for any z € RY, max.cp ||z — s||*> = maxy, ey hs(2).
Using Theorem 47, 1! we can see that there is a set M of O(n?!*2) deterministic
polynomials such that max,eps h(z) = E[max,ep ||z — s||%] for any 2 € R? and a set
S of O(e~(@*+1/2) deterministic polynomials such that (1 — ¢)E[max,ep ||z — s[|?] <
maxyes h(z) < Elmaxgep ||z — s[|?] for any z € RY. We can store the set S instead
of the original point set in order to answer the following queries: given a point s,
return the expected length of the furthest point from s. The problem of finding the
optimal center ¢ can be also carried out over S, which can be done in O(&‘O(dQ)) time:
We can decompose the arrangement of n semialgebraic surfaces in R? into O(n®@+*))
cells of constant description complexity, where & is the linearization dimension (see
e.g., [12]). By enumerating all those cells in the arrangement of S, we know which
polynomials lie in the upper envelopes, and we can compute the minimum value in
each such cell in constant time when d is constant.

The above argument can also be applied to the following variant of the spherical
shell for stochastic points. We are given a set P of stochastic points (under either
existential or locational model). Our objective is to find the center point ¢ such
that E[obj(c)] = E[max.cp ||s — c[|> — mingep ||s — ¢||?] is minimized. The problem
is equivalent to minimizing the expected area of the enclosing annulus in R?. The
objective can be represented as a polynomial of linearization dimension k = d + 1.
Proceeding as for the enclosing balls, we can show there is a set S of O(e~(k=1/2)
deterministic polynomials such that (1 — ¢)E[obj(c)] < €g(z) < Elobj(c)] for any

x € R% We would like to make a few remarks here.

I'We can see from the proof that all results that hold for width/extent also hold for support
function/maximum.
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1. Let us take the minimum enclosing ball for example. If we examine the con-
struction of set S, each polynomial h € S may not be of the form h(x) =
|lz||* — 2(x, s) + ||s]|, therefore does not translate back to a minimum enclosing

ball problem over deterministic points.

2. Another natural objective function for the minimum enclosing ball and the
spherical shell problem would be the expected radius E[maxsepd(s,c)] and
the expected shell width E[maxgep d(s,c) — mingep d(s,c)]. However, due to
the fractional powers (square roots) in the objectives, simply using an e-EXP-
KERNEL does not work. This is unlike the deterministic setting. > We leave
the problem of finding small coresets for the spherical shell problem as an in-
teresting open problem. However, under the f-assumption, we can use (g,r)-

FPOW-KERNELSs to handle such fractional powers, as in the next subsection.

Theorem 8. (restated) Suppose P is a set of n independent stochastic points in
R under either existential or locational uncertainty model. There are linear time
approzimation schemes for the following problems: (1) finding a center point ¢ to
minimize Elmaxsep ||s — ¢||?]; (2) finding a center point ¢ to minimize Elobj(c)] =
E[max.cp ||s — c||* — mingep ||s — ¢|*]. Note that when d = 2 the above two problems
correspond to minimizing the expected areas of the enclosing ball and the enclosing

annulus, respectively.

4.5.4 Shape Fitting Problems (Under the -assumption)

In this subsection, we consider several shape fitting problems in the existential model
under the [B-assumption. We show how to use Theorem 48 to obtain linear time

approximation schemes for those problems.

1. (Minimum spherical shell) We first consider the minimum spherical shell prob-
lem. Given a set P of stochastic points (under the [-assumption), our goal is
to find the center point ¢ such that E[maxcp ||s — ¢|| — mingep ||s — ¢]|] is mini-

mized. For each point s € P, let hy(z) = ||z]|* — 2(z, s) + ||s]|?, which admits a

12Tn particular, there is no stochastic analogue of Lemma 4.6 in [7].
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linearization of dimension d + 1. It is not hard to see that E[maxscp ||s — ¢||] =
E[maxsep \/hs(c)] and E[mingep ||s — ¢||] = E[minsep 1/hs(c)]. Using Theo-
rem 48, we can see that there are N = 5(5*(“3)) sets 5;, each containing

O(e~*V) fractional polynomial /h,s such that for all € RY,

% >, (max /by () —min v/hs(2)) € (1+¢)(Emax||s — of|] — E[min ||s — ]).
1E€[N]
(4.5)

Note that our (g, r)-FPOW-KERNEL satisfies the subset constraint. Hence, each
function v/h, corresponds to an original point in P. So, we can store N point
sets P, C P, with |P| = O(g_d) as the coreset for the original point set. By
(4.5), an optimal solution for the coreset is an (1 + ¢)-approximation for the

original problem.

Now, we briefly sketch how to compute the optimal solution for the coreset.
Consider all points in U; P;. Consider the arrangement of O (e_o(d)) hyperplanes,
each bisecting a pair of points in U; P;. For each cell C' of the arrangement, for
any point s € C, the ordering of all points in U; P, is fixed. We then enumerate all
those cells in the arrangement and try to find the optimal center in each cell. Fix
a cell C. For any point set P;, we know which point is the furthest one and which

point is the closest one from points in Cy. Say they are s; = arg maxgep, ||s — ||

and s, = argmingp, ||s — z||. Hence, our problem can be formulated as the

following optimization problem:

1 :
min < Z(di—dé), st. df = |si—a|? d? = ||s;—=|?, di, d; > 0,Vi € [N];2 € Cy.

x

)

The polynomial system has a constant number of variables and constraints,
hence can be solved in constant time. More specifically, we can introduce a
new variable ¢t and let ¢ = &+ >.(d; — d}). All polynomial constraints define a
semi-algebraic set. By using constructive version of Tarski-Seidenberg theorem,

we can project out all variables except ¢ and the resulting set is still a semi-
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algebraic set (which would be a finite collection of points and intervals in R')

(See e.g.,[20]).

. (Minimum enclosing cylinder, Minimum cylindrical shell) Let P be a set of
stochastic points in the existential uncertainty model under the S-assumption.
Let d(¢, s) denote the distance between a point s € R? and a line £ C R?. The
goal for the minimum enclosing cylinder problem is to find a line ¢ such that
E[maxsep d(¢, s)] is minimized, while that for the minimum cylindrical shell
problem is to minimize E[maxsep d(¢, s) — mingep d(¢, s)]. The algorithms for
both problems are almost the same and we only sketch the one for the minimum

enclosing cylinder problem.

We follow the approach in [7]. We represent a line £ € R? by a (2d — 1)-tuple
(T1,...,9q_1) ER* L { ={p+1tq|te€R}, where p= (z1, -+ ,24_1,0) is the
intersection point of £ with the hyperplane x4 = 0 and g = (24, . .., Z2q_1), ||¢||* =

1 is the orientation of . Then for any point s € R?, we have that

d(l,s) = [[(p —s) — (p— s, q)ql],

where the polynomial d?(¢, s) admits a linearization of dimension O(d?). Now,
proceeding as for the minimum enclosing ball problem and using Theorem 48,
we can obtain a coreset S consisting N = O(e‘o(dz)) deterministic point sets

P CP.

We briefly sketch how to obtain the optimal solution for the coreset. We can also
decompose R??~! (a point z in the space with |[(x4, ..., Z2q_1)|| = 1 represents
a line in R?) into O (=) semi-algebraic cells such that for each cell, the
ordering of the points in S (by their distances to a line in the cell) is fixed.
Note that such a cell is a semi-algebraic cell. For a cell C', assume that s; =

arg maxsep, d(¢, s;) for all i € [N], where £ is an arbitrary line in C. We can
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formulate the problem as the following polynomial system:
min =3 "di, st d = d(6,s:),di > 0,Vi € [N]; £ = (p,q) € Co, lgll* = 1
PN . i .U 3 y91)y Uy Y, ) ) 0> .

Again the polynomial system has a constant number of variables and con-

straints. Thus, we can compute the optimum in constant time.

Theorem 9. (restated) Suppose P is a set of n independent stochastic points in R?,
each appearing with probability at least 3, for some fized constant 3 > 0. There are
linear time approzimation schemes for minimizing the expected radius (or width) for
the minimum spherical shell, minimum enclosing cylinder, minimum cylindrical shell

problems over P.

4.6 Missing Details in Section 4.2

4.6.1 Details for Section 4.2.1

Lemma 23. We find an affine transform T in O(2°@nlogn) time, such that the

convex polytope M’ =T (M) is a-fat for some constant «.

Proof. By the results in [19], we only need to construct an approximate bounding
box, which can be done as follows: We first identify two points y; and y, in M
such that their distance is a constant approximation of the diameter of M. Then
we project the points in M to a hyperplane H € R?! perpendicular to the line
through y; and y,, and recursively identify two points among the projected points
as the approximate diameter. Hence, it suffices to show how to identify such two
points y; and y,. Let § = arccos(1/2). Suppose we are working on R%. We compute
a set Z of O(6~(4~1) points on the unit sphere S~! such that for any point s € S¥°*,
there is a point @ € Z such that Z(u,s) < 0 (see e.g., [10, 25]). From Lemma 22,
we know that we can compute for each direction @ € S !, the point z(@) € M
that maximizes (@, z(u)) in O(nlogn) time. For each @ € Z, compute both x()

—

and z(—1), and pick the pair that maximizes ||z(@) — z(—u)||. Now, we argue this
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is a constant approximation of the diameter. Suppose the diameter of M is (yi,y2)

where y1,y2 € M. Consider the direction @' = (y1 — y2)/|lyr — y2||. Without loss of

=/

generality, assume y; = argmax,(y, @) and y, = argmax,(y, —u’). Moreover, there
is a direction 4 € Z such that Z(u, s) < §. Therefore, we can get that
w(M, @) = f(M,d) + £(M, —u) > (y1,0) + (y2, —)
= (0, y1 — y2) = llyr — ol cos Z(i@, @) = [lyr — w2ll/2.
In the third equation, we use the simple fact that cos Z(u, ') = (u, ') /||d||||<']|. O
Lemma 24. S = {z(@)}zez is an e-kernel for M'.

Proof. Consider an arbitrary vector s € S¥~! with ||s|| = 1. Suppose the point a € M’
maximizes (s,a) and b € M’ maximizes (—s,b). Hence, w(M',s) = (s,a) — (s,b) =
(s,a —b). By the construction of Z, there is a direction @ € Z (with ||@|| = 1) such

that ||@ — s|| < . Then, we can see that

s,a = b) — |ls — d|||x(@) — 2(=a@)|| - [|@ - s]llla - b

v

w(M' s) —0(6d) > (1 —e)w(M', s)

In the last and 2nd to last inequalities, we use the fact that M’ is a-fat (i.e., aC C
M' c C). O

4.6.2 Details for Section 4.2.2

Theorem 26. Under the S-assumption, there is an e-EXP-KERNEL in R? (for d =
O(1)), which is of size O(8~(4~Ve=(4=1)/210g(1/¢)) and satisfies the subset constraint,

in the existential uncertainty model.
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Proof. Our algorithm is inspired by the peeling idea in [9]. Let &1 = eaf8%/4V/d,
where « is a constant defined later. We repeat the following for L = O(log, z¢1) =
O(log(1/¢)) rounds: In round i, we first compute an (g,/v/d)-kernel S; (of size
O((Vd/e,)4=D/2) = O(B~4=De=(4=1D/2)) for the remaining points (in the determin-
istic sense) and then delete all points of S;. Let S = U;S;. Now, we show that S is
an e-EXP-KERNEL for P.

We first establish a lower bound of w(P, @) for any unit vector @ € S*!. Assume
without loss of generality that aC C ConvH(P) C C where C = [-1,1]¢ and « is
a constant only depending on d. Since aC C ConvH(P), we know there is a point
s € ConvH(P) such that (u,s) > « and a different point s’ € ConvH(P) such that

(i,s") < —a. Hence, we have that
w(P, ) > B*((d, s) — (U, ) > 2a3%.

Fix an arbitrary direction @ € S¢~!. Now, we bound the difference between f (P, )

and f(S, ). We show that for any real value = € [—V/d, Vd),
Prppl[f(P, i) > x] < Prgs[f(S,4) >z —e1] + 1. (4.6)

In fact, a proof of the above statement provides a proof for Theorem 43 (i.e., S is an
(€, 7)-QUANT-KERNEL as well).

Let Lp = {s1,82,...,51} be the set of L points s € P that maximize (s, ) (i.e.,
the first L vertices in the canonical order w.r.t. ). Similarly, let Ls = {5, s},...,s}

be the set of L points s’ € S that maximize (s’, @). We distinguish two cases:

1. Lp =Ls: If 2 > (i, sy), we can see that Prpp[f(P, @) > x] = Prgs[f(S, %) >
z]. If x < (@, sr), both Prp p[f(P,@) > z| and Prg.s[f(S, %) > x| are at least
1 —Tler,(1=ps) 21 = (1 =521 —¢y.

2. Suppose j is the smallest index such that s; # s’. For z > (@, s;), we can see
that Prpp[f(P,u) > x] = Prg.s|f(S,u) > x]. Now, we focus on the case where

z < (i, s;). From the construction of S, we can see that (s}, @) > (s;,4) — &1

63



CHAPTER 4. e-KERNEL CORESETS OVER STOCHASTIC DATA

for all j/ > j. '* Hence, for z < (4, s;), we can see that

Proslf(S,i) >z —e)] > 1— [J(1—p) =11

s€Ls

So, in either case, (4.6) is satisfied. We also need the following basic fact about the
expectation: For a random variable X, if Pr[X > a] = 1, then E[X] = [* Pr[X >
z]dx + b for any b < a. Since —/d < f(P, @) < v/d for any realization P, we have

f(P, @) = / h Prp_p[f(P,@) > z]dz — Vd

Vi

S / PI‘SNS[f(S, ﬁ) 2 T — 81]d1’ + 2\/351 — \/a
Vi

S / PI‘SNS[f<S, 17) 2 x]da: - \/a — &1+ 3\/351
—Vd—e;

= £(S, @) + 3Vdey,

where the only inequality is due to (4.6) and the fact that Prpp[f(P, 1) > z] =
Prg.slf(S,4) > x| = 0 for « > 1. Similarly, we can get that £(S, —u) > f(P, —u) —
3e1v/d. By the choice of &1, we have that 6v/de; < ¢ - 2a8? < ew(P,u). Hence,
w(S, @) > w(P, i) — 6Vdey > (1 — e)w(P, ). O

4.6.3 Locational uncertainty

Similar results are possible for uncertain points with locational uncertainty. Let
V = {v1,...,vn} be the set of nodes and P = {si1,...,s,} be the collection of
possible locations. Now there are n possible locations, and thus (g) hyperplanes I"
that partition R?. We can replicate all bounds in this setting, except that m replaces n
in each bound. The main difficulty is in replicating Lemma 49 that given a direction @
calculates the vertex of M for locational uncertain points this is described in Lemma
51. Moreover, the O(n?logn) bound for R? is also carefully described in Lemma 52.

In the locational uncertainty model, Lemma 18 also holds with a stronger general

—

'3To see this, consider the round in which s/, is chosen. Let § be the vertex minimizing (3,4). As

sj is not chosen, we must have (s, @) — (8,4) > (1 — e1/Vd)((s;, @) — (3,10)).
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position assumption. With the new general position assumption, it is straightforward
to show that the gradient vector is different for two adjacent cones in A(T"). Other
parts of the proof is essentially the same as Lemma 18. The details can be found
below. Theorem 2 also holds for the locational model without any change in the
proof (the running time becomes O(nlogn)).

Now, we prove that Lemma 18 also holds for the locational model. For this pur-

pose, we need a stronger general position assumption: (1) For any v € V, > 5 pys €
(0,1). This suggests that we need to consider the model with both existential and
locational uncertainty. We can make this assumption hold by subtracting an infinites-
imal value from each probability value without affecting the directional width in any
essential way. (2) For any two nodes vy,vy € V, two locations sq,s2 € P and two
subsets of locations S1, 52 © P, posi (Doses, Pras)S1 7 Puosy(Doses, Pois)s2 (this is in-
deed a general position assumption since we only have a finite number of equations
to exclude but uncountable number of choices of the positions).
Lemma 18. (for the locational model). Assuming the locational model and the above
general position assumption, the complexity of M is the same as the cardinality of
A(T), i.e., | M| = |A(P)|. Moreover, each cone C' € A(P) corresponds to exactly one
vertex s of ConvH(M) in the following sense: Vf(M,#) = s for all @ € int C.

Proof. The proof is almost the same as that for Lemma 18 except that we need
to show f(M,w) is different for two adjacent cones in A(I"). Again, let C,Cy be
two adjacent cones separated by some hyperplane in I". Suppose u; € int C; and
iy € int Cy. Consider the canonical orders O; and Oy of P with respect to
and iy respectively. W.lo.g., assume that Oy = {s1,...,58;, Sit1,...,5,} and Op =
{8151 8it1,Sis -y Sn}

Let Prf(v, s, @) be the probability that the largest point along 4 is uncertain node
v € V at location s € P. Using the notations from Lemma 51, f(V, @) can computed
by > vev.sep Prf(v, s, @) (s, @). Hence, VE(V, ) = Y vev.sep Prf(v, s, @)s.

Suppose s; is a possible location for v; and s;.; is a possible location for ws.
Denote by P%(s,u) the subset of s € P such that (s',@) > (s,@) and denote by

Pr{(s, @) as the probability that no node v € V appears at a larger location than
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s € P along direction «. If vy # ve, we have VE(V,u;) — VE(V, 1) = Prf(si,ﬁl) .

<5ipvlsi ZS,GPR(S,ﬁl)pU2SI — Si+1pv2si+l ZS’G’PR(S,ﬁz) pms’) 7é 0. If U1 = Vg = VU, W€ have
Vf(V, ﬁl) — Vf(V, ﬁg) = Pré%(si, ﬁl) . <3ipfusi — Si+1pvsi+1> 7é 0 D

4.7 Missing Details in Section 4.3

max 2 24
Theorem 36. Let 7y = O(m) and N = O(%log 3) = O(%log%),
With probability at least 1 — 9, for any ¢ > 0 and any direction #, we have that

Pr [W(S,Q_[) < t} € Pr [w(P,ﬁ) < t} + 7.

Proof. Fix an arbitrary direction # (w.l.o.g., say it is the x-axis) and rename all points
in P as sy, Sa, . .., S, as before. Consider the Poissonized instance of P. Let s7, ..., sy
be the N points in S (also sorted in nondecreasing order of their x-coordinates). Now,
we create a coupling between all mass in 2 and that in *B, as follows. We process all
points in 2 from left to right, starting with s;. The process has N rounds. In each
round, we assign exactly 1/N units of mass in 2 to a point in B. In the first round,
if s; contains less than 1/N units of mass, we proceed to ss, s3,...s; until we reach
1/N units collectively. We split the last point s; into two points s;; and s;2 so that
the mass contained in si,...,s;_1,8; is exactly 1/N, and we assign those points to
sy. We start the next round with s;. If s; contains more than 1/N units of mass, we
split s1 into sq1 ($11 contains 1/N units) and s;5 and we start the second round with
s12. We repeat this process until all mass in 2l is assigned.

The above coupling can be viewed as a mass transportation from 2 to 8. We
will need one simple but useful property about this transportation: for any vertical
line = ¢, at most 71 units of mass are transported across the vertical line (by
Theorem 32).

In the construction of the coupling, many points in 2l may be split. We rename
them to be sq,...,s, (according to the order in which they are processed). The
sequence sy, ...,Sy can be divided into N segments, each assigned to a point in S.
For a point &, in S, let seg(i) be the segment (the set of points) assigned to s;. For

any node s and real ¢t > 0, we use H(s,t) to denote the right open halfplane defined
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by the vertical line # = x(s) 4 ¢, where z(s) is the z-coordinate of s (see Figure 4-3).

Let X; (Y; resp.) be the Poisson distributed random variable corresponding to s;
(s} resp.) (i.e., X; ~ Pois()\,,) and Y; ~ Pois(\/N) ) for all i. For any H C R?, we
write X(H) =32, cyrp Xi and Y/(H) = 32 g Yi- We can rewrite Prlw(S, ) < ]

as follows:
N

Priw(S,7) <t] = Z Pr[s} is the leftmost point and w(S, @) < t] + Pr[no point in S appears|
i=1

= > PrlY; £ 0] Pr [iyj - 0} PrlY (H(s},t)) = 0] + Pr[>_ Y = 0]

sies
(4.7)
Similarly, we can write that 4
m i—1
Prlw(P, @) < {] = Z r[X; # 0] Pr [Z X, = 0] Pr[X (H(s;,t)) = 0] + P[> X, = 0]
j:l s, €P
N k—1
Z 3" PrlX, #0]Pr [Z X, = o] Pr[X (H sy, 1) = 0] + P[> X, = 0]
=1 ke g( ) 7=1 s, €P
(4.8)

We proceed by attempting to show each each summand of (4.8) is close to the cor-

sesYi =0l =Pr[}_ p Xi = 0]
since both » -, s Y; and ), p X; follow the Poisson distribution Pois()).

responding one in (4.7). First, we can see that Pr[)_

For any segment ¢, we can see that ZkESeg(i) As, = A/N. Moreover, we have

As, < A/N < 7/32, thus exp(—Ag,) € (1 — Ag,, (1 4+ 7/16)(1 — A,)).

D PrlXe A0 = Y0 (I—exp(-A ) € (1 55) Do A,

keseg(1) keseg(7) keseg (4)
A
Cx U -exp(F) == IPYi A0 (49)

Note that splitting nodes does not change the distribution of w(P,%): Suppose a node s (corre-
sponding to r.v. X) was spit to two nodes s; and sy (corresponding to X; and X5 resp.). We can
see that Pr[X # 0] = Pr[X; # 0 and X5 # 0] = Pr[X; + X3 #0].
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@
oq 2

N

Figure 4-3: Illustration of the interval graph Z. For illustration purpose, co-located
points (e.g., points that are split in 1) are shown as overlapping points. The arrows
indicate the assignment of the segments to the points in 8. Theorem 32 ensures that
any vertical line can not stab many intervals.

Then, we notice that for any k € seg(i) (i.e., s; is in the segment assigned to ), it

holds that

k

i1
Pr[ZXj = 0} € [emMN e AED/N) € (14 g)e_’\(i_l)/N =(1+ §>PI[ZY3 = O]
j=1

j=1

(4.10)

The first inequality holds because Z?:I X; ~ Pois(z:?:1 As;) and A(i — 1)/N <
Sk A < Ni/N.

If we can show that Pr[X(H (s, t)) = 0] is close to Pr[Y (H(s},t)) = 0] for k €
seg(i), we can finish the proof easily since each summand of (4.8) would be close to
the corresponding one in (4.7). However, this is in general not true and we have to
be more careful.

Recall that the sequence sy, ..., sy is divided into N segments. Let K = \/7. We
say that the ith segment (say seg(i) = {s;, Sj4+1,...,5k}) is a good segment if

%MQHD—MH@JM}<i.

E; = max{ [ B(H(s],1) — A(H(s;,1))] <=

Otherwise, the segment is bad. For a good segment seg(i) and any k € seg(i),

Pr[X (H (si,t)) = 0] = exp(—AA(H (s, t))) € exp(—AB(H (s}, 1)) £ A/K)
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C Pr[Y(H(s,,t)) = 0]eVX c Pr[Y (H(s),t)) = 0)(1 £ 7/8).
(4.11)

We use Gs to denote the set of good segments and Bs the set of bad segments. Now,

we consider the summations in both (4.7) and (4.8) with only good segments. We

have that
k—1
S 3 P A O Pe[ S0 X = 0] PrX (H(s1.1) = 0
1€Gs keseg(i) Jj=1

ey P [Zyj = o} (1 7/8) Pr[Y (H(s),t)) = 0)(1 + 7/8)Pr[Y; # 0)(1 £+ 7/8)

1€Gs i
c S PilY; #0]Pr [ZY] - o} Pr[Y (H(s),t)) = 0] £ 7/2,
i€Gs j=1

where the first inequality is due to (4.10) and (4.11) and the second holds because
(4.9)

Now, we show the total contributions of bad segments to both (4.7) and (4.8)
are small. We partition all of the bad segments into log(1/7) + 1 different sets
Bo,...,Bigg1 . Let B; = {i | % < E; < %} for 0 < i < log(l/7) — 1. Let
Byps = {i| B> 4},

With the above notations, we prove the following crucial inequality:

log%
> IBi|- 2" = O(nNK). (4.12)

i=0
Now, we prove (4.12). Consider all points si,...,s, and s},...,s} lying on the
same z-axis. For each ¢ (with seg(i) = {s;,Sj+1,-..,5k}), we draw the minimal

interval I; that contains s}, s; and sg. If the ¢th segment is bad and belongs to B;,
we also say I; is a bad interval of label j. All intervals {I;}; define an interval graph
Z. We can see that any vertical line can stab at most 71 /N 4 1 intervals, because at
most 7; unit of mass can be transported across the vertical line, and each interval is

responsible for a transportation of exactly 1/N units of mass (except the one that
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intersects the vertical line). Hence, the interval graph Z can be colored with at most
71N 4 1 colors (this is because the clique number of Z is at most 77N + 1 and the
chromatic number of an interval graph is the same as its clique number). Consider a
color class C' (which consists of a set of non-overlapping intervals). Imagine we move
an interval I of length ¢ along the z-axis from left to right. When the left endpoint
of I passes through an bad interval of label 7 in ', by the definition of bad segments,
the right endpoint of I passes through (27 N/K) segments. Suppose the color class
C' contains b; bad segments in B;. Since the right endpoint of I can pass through at

most N segments, we have the following inequalities by summing over all labels:

log%—l
> b 2N/K <N.
=0
Summing up all color classes, we obtain (4.12).
For B; (0 < j < log2), we can bound the total contribution as follows. By the

definition of B;, we can see that

S S PuX, #0]Pr [Z o] Pr[X (H(sy, t)) = 0]
i€B; keseg(i) =1

C (1£5-2i7) 3 PrlY; # 0] Pr [ZYJ - 0} Pr[Y (H(s.,t)) = 0],

iEBj 7j=1

Thus, the total contribution of bad segments in B; (0 < j < log% — 1) to the

corresponding summands in ((4.7)-(4.8)) is at most

527 Pr[Y; # 0] = 5|B;| - 277 x (1 — exp (—%)) = O(|Bi|2’7A/N),

iGBj

where Pr[Y; # 0] = 1 — exp (—2) (since Y; ~ Pois(%)).
For By, 1, the total contribution is bounded by the following.

S (X P £0 Pr[z = O] Pr[X(H(st,1)) =0

1€B, g1 keseg(i) =1
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i—1

— Px[Y, # 0] Pr [ZYJ - 0] Pr[Y (H(s, 1)) = 0]>

J=1

< Y ) PrXe A0+ D Pr[Yi#£0] < 3 ) PrY; #0]

iGBlOg 1 keseg(7) lGBlog 1 ZGBIOg 1

A
< 3B 1] X (1= exp (—5) = O(| By 1 [A/N)

Summing up all j and using (4.12), we obtain the following inequality .

log%
> O(|Bj|2'TA/N) = O(r17AK) <

J=0

W1

This finishes the proof. n

4.8 Missing Details in Section 4.4

Lemma 45. Let N = O(g7 ¢, S(d=1/2 log(1/e0)), where g9 = (/4(r — 1))", &1 = e

For any ¢ > 0 and any direction @ € P*, we have that

Prp.s [max(u SHT > t] € Prpop [ mg;g)(u L s)HT > t)] +¢e1/4, and
er se

Prp.s [mm(u sy > t] € Prpr[ min (i, s)"/" > t)} + e, /4.
P se&(P)

Proof. The argument is almost the same as that in Lemma 30. Let L = O(g, (@17 %).

We still build a mapping ¢ that maps each realization £(P) to a point in R4, as fol-
lows: Consider a realization P of P. Suppose £(P) = {(1,...,2}), ... (af, ... 2k)}
(if |€(P)| < L, we pad it with (0,...,0)). Welet g(E(P)) = (x1,...,zL, ... 2k ... 2k) e
R%. For any ¢ > 0 and any direction @ € P*, note that maxeg(p)(, s)1/7 >t holds

if and only if there exists some 1 < i < |(P)] satisfies that X%, zid; > t", which is

j=1";
equivalent to saying that point g(£(P)) is in the union of the those |E(P)| half-spaces.
Let X be the image set of g. Let (X, R") (1 <14 < L)) be a range space, where

R' is the set of half spaces {Z i >t | uw= (d,..., 45 € R4t > 0} Let

i=1 ]
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R = {Ur; | m € R',i € [L]}. Note that each (X,R") has VC-dimension d + 1.
By Theorem 28, we have that the VC-dimension of (X, R’) is bounded by O((d +
1)L1lgL) = O(sa(d_l)/Q log(1/¢¢)). Then by Theorem 29, for any ¢ and any direction
i, we have that Prp.s[maxsep (i, s)//" > t] € Prpup[maxsee(p) (@, s)V/" > t)] £, /4.

The proof for the second statement is the same. n

4.9 Computing the Expected Direction Width

We handle both the existential and location model of uncertain points in this section.
For any direction #, denote by w(P,u) the expected width of P along the direction
4, and f(P,u4) = Ep_p[max,cp(i,p)] is the support function. Recall w(P,u) =

f(P,u) — f(P,—u) by linearity of expectation.

4.9.1 Computing Expected Width for Existential Uncertainty

The existential model is a bit simpler and we handle that first. Recall in this model
we let P be a set of n uncertain points, and each point s € P has a probability p;.

We have the following two lemmas.

Lemma 49. For any direction U, we can compute w(P,u), £(P,u), and VE(P,u) in
O(nlogn) time; if the points of P are already sorted along the direction i, then we

can compute them in O(n) time.

Proof. Consider any direction 4. Without loss of generality, assume ||@]| = 1. In the
following, we first show how to compute f(P, @). The value f(P, —u) can be computed
in a similar manner and we ignore the discussion. After having f(P, «) and f(P, —u),
w(P, @) can be computed immediately by w(P,u) = £(P,u) — £(P,—u). Finally, we
will discuss how to compute VE(P,u). Let p(@) be the ray of direction @ in the plane
passing through the origin.

Consider a point s € P. Note that (s, ) is the coordinate of the perpendicular
projection of s on p(#). Denote by PE(s, ) the subset of points s € P such that
s' >z s (i.e., (s',i) > (s,)). Denote by Pr(s, ) the probability that s appears in a
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realization but all points of P%(s, @) do not appear (i.e., (s, ) is the largest among

all points of P that appear in the realization). Hence, we have

Prfi(s, @) = p, - [ (1= po). (4.13)
§'>gs

Now f(P, @) can be seen as the expected largest coordinate of the projections of
the points in P on p(i). According to the definition of Prf(s, @), we have f(P, @) =
> oep Pr(s, i) (s, @)

Based on the above discussion, we can compute f(P, ) in the following way. First,
we project all points of P on p(i) and obtain the coordinate (u,s) for each s € P.
Second, we sort all points of P by the coordinates of their projections on p(u). Then,
the values Pr’(s, i) for all points s € P can be obtained in O(n) time by considering
the projection points on p(@) from right to left. Finally, f(P, @) can be computed in
additional O(n) time. Therefore, the total time for computing f(P, ) is O(nlogn),
which is dominated by the sorting. If the points of P are given sorted along the
direction , then we can avoid the sorting step and compute (P, @) in overall O(n)
time.

It remains to compute Vf(P, @). Recall that VE(P, @) = Y, Pr(s, @)s by the
proof of Lemma 18. Note that the above has already computed Pr? (s, 1) for all points
s € P. Therefore, Vf(P,u) can be computed in additional O(n) time. The lemma
thus follows. O

Lemma 50. We can build a data structure of O(n?) size in O(n?logn) time that can
compute w(P, ), £(P,u), and VE(P,d) in O(logn) time for any query direction u.

Further, we can construct M explicitly in O(n?logn) time.

Proof. Consider any direction 4 with ||| = 1. We follow the definitions and notations
in the proof of Lemma 49. We first show how to build a data structure to compute
f(P, ). Computing f(P, —i) can be done similarly. Again, after having f(P, @) and
f(P,—1u), w(P,u) can be computed immediately by w(P,u) = f(P,u) — £f(P, —u).
Denote by o the origin. For any ray p through o in the plane, we refer to the

angle of p as the angle « in [0,27) such that after we rotate the z-axis around o
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o T

(a)

Figure 4-4: Tllustrating the definition of the angle « of: (a) a ray p and (b) a line [.

counterclockwise by a the x-axis has the same direction as p (see Fig. 4-4(a)). For
any (undirected) line | through o, we refer to the angle of [ as the angle « in [0, 7)
such that after we rotate the z-axis around o counterclockwise by « the x-axis is
collinear with .

Recall p(#) is the ray through o with direction u. We define the angle of i as the
angle of the ray p(), denoted by 6. For ease of discussion, we assume 6 is in [0, 7)
since the the case 0z € [7,27) can be handled similarly.

We call the order of the points of P sorted by the coordinates of their projections
on the ray p(w) the canonical order of P with respect to @. An easy observation
is that when we increase the angle u, the canonical order of P does not change
until « is perpendicular to a line containing two points of P. There are O(n?) lines
in the plane each of which contains two points of P and the directions of these
lines partition [0, 7) into O(n?) intervals such that if 6z changes in each interval the
canonical order of P does not change. In the following, we show that for each of the
above intervals, the value of f(P, @) is a function of the angle 6z, and more specifically
f(P,i) = a-cos(0z) + b -sin(fz) where a and b are constants when 6z changes in the
interval. As preprocessing for the lemma, we will compute the function f(P, @) for
each interval; for each query direction u, we first find the interval that contains 6z
by binary search in O(logn) time and then obtain the value f(P, @) in constant time
using the function for the interval. The details are given below.

For simplicity of discussion, we make a general position assumption that no three
points of P are collinear. For any two points s and s’ in P, let (s, s’) denote the

angle of the line perpendicular to the line containing s and s’, and we also say (s, s)
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is defined by s and s’. We sort all O(n?) angles 3(s,s’) for s,s' € P in increasing
order, and let (1, Bs,..., 3, be the sorted list with A = O(n?). For simplicity, let
Bo = 0 and fB,1 = m. These angles partition [0,7) into h + 1 intervals. Consider
an interval I; = (f;, Biz1) for any 0 < i < h. Below we compute the function
f(P, 1) = a-cos(bz) +b-sin(bz) for 0z € (B, Bir1). Again, note that when 6z changes
in I;, the canonical order of P does not change.

According to the proof of Lemma 49, f(P, @) = Y _, Pr'(s, @)(s, @). Since the
canonical order of P does not change for any 6 € I, for any s € P, Prfi(s, ) is a
constant when 63 changes in I;. Next, we consider the coordinate (s, ) on p(u).

For each point s € P, let a, be the angle of the ray originating from o and
containing s (i.e., directed from o to s), and let ds be the length of the line segment

vo. Note that a, and d; are fixed for the input. Then, we have (see Fig. 4-5)
(s,u) = ds - cos(as — 0z) = ds - cos(ay,) - cos(0z) + ds - sin(ay) - sin(fz).

Hence, we have the following

£(P, i) =Y Prii(s, @) (s, i)

s€P
= Z Prf(s, @) - d, - [cos(av,) - cos(fz) + sin(ay,) - sin(0z)]
seP
= cos(fz) - [Z Prfi(s, ) - d, - cos(av)] + sin(6z) - [Z Pr(s, ) - d, - sin(av)].

seP seP

Let a =Y, .p Pr(s, @) - ds - cos(as) and b =Y __,, Pr(s, @) - d - sin(a). Hence,
a and b are constants when 6z changes in I;. Then, we have f(P, %) = a - cos(6z) +
b -sin(0z), for any 0z € I;. Therefore, if we know the two values a and b, we can
compute f(P, @) in constant time for any direction 0z € I,.

In the sequel, we show that we can compute a and b for all intervals I; = (5;, Bi+1)
with i = 0,1,...,h in O(n?) time. For each interval I;, we use a(l;) and b(I;) to
denote the corresponding a and b respectively for the interval I;.

Suppose we have computed a(/;) and b([;) for the interval I;, and also suppose
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Figure 4-5: Tlustrating the computation of the coordinate (s, @) on I(@): v() is the perpendicular
projection of s on (). The length of ov is d;.

have computed the value Prf(s, i) for each point s € P when 6; € I; (note that

Pr’(s, i) is a constant for any 6z € I;). Initially, we can compute these values for

the interval Iy in O(nlogn) time by Lemma 49. Below, we show that we can obtain
a(l;11) and b(I;11) in constant time, based on the above values maintained for I;.

Recall that I; = (0, Biy1) and ;11 = (Biv1, Bire). Suppose the angle ;41 is
defined by the two points s; and so of P. In other words, ;1 is the angle of the line
perpendicular to the line through s; and ss. If we increase the angle 6 in (53;, B;i12),
the canonical order of P does not change except that s; and sy exchange their order
when 6z passes the value ;1. Therefore, for each point s € P\ {s1, s2}, the value
Prf(s, i) is a constant for any 0z € (S, Biy2). Based on this observation, we can
compute a(l;11) in the following way.

We first analyze the change of the values Pr(s;, @) and Pr”(s,, @) when 6 changes
from I; to I; 1. Let @ and @’ be any two directions such that 0z is in [; and 6z isin I; ;.
Without loss of generality, we assume (s1, %) < (s2,u), and thus, (s1,d') > (s2,d’)
since s; and s, exchange their order. Observe that Prf (s, @) = Prf(sy, @) /(1 — ps,)
and Prf(sy, @) = Prf(sy, @) (1 —p;). Thus, we can obtain Prf(s,, @) and Pr’(s,, @)
in constant time since we already maintain Pr(s;, @) and Pr(s,, @). Consequently,

we have

a(liy1) = a(l;) — [Prf(sy,@)d,, cos(a, ) + Prfi(sy, @0)ds, cos(as, )] (4.14)
+ [Prf(sy, @) ds, cos(a, ) + Pri(sy, @)d,, cos(a,)]

= a(l;) + ds, cos(ay,) - [Pr¥(sy, @) — Prfi(sy, @)] + ds, cos(a,) - [Pr¥(sy, @) —
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Hence, after we compute Pr®(s;, @) and Prf(s,,a’), we can obtain a(l;,1) in
constant time.

Similarly, we can obtain b(I;;;) in constant time. Also, the values Prf(sy, i) and
Prf(s,, 1) are updated for 0z € I;, .

In summary, after the O(n?) angles ((s, s') are sorted in O(n*logn) time, the
above computes the functions f(P, @) = a(I;) - cos(0z) + b(1;) - sin(fz) for all intervals
I; with i = 0,1, ..., h, in additional O(n?) time. This finishes our preprocessing.

Consider any query direction #. By binary search, we first find the two angles j;
and [;y1 such that §; < 0z < Biy1. If B; # 0z, then 0z is in I; and we can use the
function (P, @) = a(l;) cos(0z) + b(1;) sin(fz) to compute f(P, ) in constant time. If
Bi = 05, then the function f(P,d) = a(I;) cos(z) + b(I;) sin(fz) still gives the correct
value of f(P,w) since when 6; = ; the projections of the two points of P defining
B; on p(u) overlap and we can still consider the canonical order of P for 67 = 5; the
same as that for 6z € I;. Hence, the query time is O(logn).

Next, we show how to compute VE(P, @). Recall that VE(P, @) = > _, Prii(s,i@)s
by the proof of Lemma 18. As preprocessing, we compute the value ) _, Prf(s, ii)s
for each interval 0z € (3;, Biy1) for i = 0,1,...,h. This can be done in O(n?) time
(after we sort all angles), by using the similar idea as above. Specifically, suppose we
already have VE(P, 1) = > Pr(s, ii)s for Oz € (B;, Biy1); then we can compute
VE(P, i) = 3 .op Pr'(s,i@)s for 0z € (Bis1, Biye) in constant time. This is because
when 63 changes from (3;, Bix1) to (Bis1, Bite), Prfi(s, @) does not change for any
s € P\ {s1,s,} and Pri(s, @) for s € {s1,s,} can be updated in constant time, as
shown above. Due to the above preprocessing, given any direction %, we can compute
VE(P,u) in O(logn) time by binary search, similar to that of computing f(P, ).
Further, according to Lemma 18, the above preprocessing essentially computes M, in

totally O(n?logn) time. The lemma thus follows. O

4.9.2 Computing Expected Width for Locational Uncertainty

In this setting let V' be a set of m uncertain points each taking one of several locations

from a set of n locations in P. The probability that a node v € P is in location s € P
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is denoted p,,. To simplify analysis and discussion, we assume each location s € P
only has the potential to be realized by any one uncertain point v € V.
We now replicate the lemmas in the previous section for this setting. We use the

same notation and structure when possible.

Lemma 51. For any direction u, we can compute w(V, ), £f(V,d), and VE(V,d) in
O(nlogn) time; if the locations of P are already sorted along the direction i, then we

can compute them in O(n) time.

Proof. Again, we first compute f(V, @) since w(V, @) = f(V, @)—f(V, —) and f(V, —1)
can be computed similarly.

We follow the structure and proof of Lemma 49 and just note the changes. The
first change is that we need to keep a bit more structure since there is now dependence
between the different locations of each uncertain node v. Recall that P(s, @) is the
subset of s’ € P such that (s',@) > (s, @) and Prj(s, ) is the probability that no
node v € V appears at a larger location than s € P along direction @. To describe this
probability we first define a vector A, indexed by s as A,[s] =1—->_, ePR(s,2) Dvs' 85
the probability that uncertain node v does not appear in any of its possible locations

which are after s along direction #. Now we can define

Prji(s,u) = H A,ls].
vEP
Also recall that Prf(v, s, @) is the probability that the largest point along i is uncer-
tain point v € V at location s € P. This updates equation (4.13) to be

Pr(v, s, 1) = pys - Prji(s, @)/ A,[s).

Note the two key differences. First we need to sum the probabilities for each location
of v since they are mutually exclusive. Second, value A,[s] needs to be factored out
of Plré:‘3 (s,u) because it is already accounted for in p,, locating s at s, again since they
are mutually exclusive.

It follows that f(V, @) = >

veV,seP PrR(U, 8, ﬁ) <87 ﬁ>
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To compute f(V, ) we again start by projecting all points P onto p(@) obtaining
coordinates (i, s) and sorting, if needed. This takes O(nlogn) time. Given these
coordinates, sorted, it now takes a bit more work in the locational setting to show
that f(V, 4) can be computed in O(n) additional time. We focus on computing all n
values Pr(v, s, i0); from there is straightforward to compute f(V, @) in O(n) time.

We sweep over the locations s € P from largest (s, @) value to smallest, and
we maintain each A,[s] and Prj(s, @) along the way. Given these, it is not hard

to calculate Pr®(v, s, @) in constant time with p,y for s’ € P as the next smallest

/ new __

value (¢, ). The important observation is that we only need to update A,[s]
Ay[s]° — pys if pys > 0 (which by assumption holds for only one v € P). Then
Pr{(s,u) is updated by multiplying by A,[s]"*V/A,[s]°d. Both operations can be
done in constant time as needed to complete the proof.

It remains to compute V{(V, @). It is not hard to see that in the locational model

ViV, 1) = Z Prf(v, s,)s.
veEV,sEP
Note that the above has already computed the n values Prf(v, s, @) for all v € V and
s € P. Therefore, VE(V, @) can be computed in additional O(n) time. O

Lemma 52. We can build a data structure of O(n?) size in O(n?logn) time that can
compute w(V, 1), £(V,4), and VE(V, @) in O(logn) time for any query direction .

Further, we can construct M explicitly in O(n*logn) time.

Proof. Again we first discuss the case for computing f(V, @). For ease of discussion,
we assume the angle 6z is in [0, 7). We again follow the structure of Lemma 50. The
geometry is largely the same, except that there are h = O(n?) angles 1, B2, ..., fn
since each pair s,s" € P now defines an angle (s, s’). But it remains to compute
f(V, %) = a-cos(fz)+b-sin(0z) for some constants a and b for any 6z in each (5;, Bi+1)-
The argument is virtually the same, replacing Prf(s, @) with Prf(v, s, u).

[t remains to show that we can calculate the constants a(l;y1) and b(;4q) for

an interval I, 11 = (Bi11, Bir2) efficiently, given the values for interval I; = (5;, Bi11)-
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Assume f;11 is defined for two points s1, s9 € P, where (s1,%) < (sq,u) for 8z € I;
and (s1,d') > (s9, ) for Oz € I;11. By definition, the ordering among all other pairs
of points is unchanged within (f;, B;12). Let only vy take location s; with positive
probability and only vy take location sy with positive probability. We focus on the
more general case where v; # vy; when v; = vy, it is easier to update.

We again focus on updating a and the algorithm for b is symmetric. By the
vy # vy assumption A, [s;] and A,,[ss] are unchanged in interval (5;, Bi12). However
from directions « to @' A,,[s1] increases by p,,s, and A, [ss] decreases by p,,s,; all
other such values are unchanged. Let A,[s]? denote the value in direction #. Hence

A% [s,

Prii(sy, @) = Pri(s, @) Alg 5]

—

and so if we can update A,,[s;], we can update Prg(s;,@’) in constant time. Only

Ay, [s9] and Pr§(sy, @) also need to be updated. And then

Pryf(sy, @)

Pri (v, 51, @) = puys, - Prif(s1, @) /A, [s1] = Pr(vy, s1, @) — 5 ——
1y (51, U)

can also be updated in constant time, and similar for Pr’(vy, s, %’). Thus the only
remaining difficulty is accessing and updating A,, [s2] and A,,[s1]. We can easily do
this for if we store the full size n array A,[-] for each v € V. Note that this takes
O(n - m) space, but since the output is a structure of size O(n?) and m < n, this is
not prohibitive. (We note that these full arrays are not explicitly required in Lemma
51, which only requires O(n) space.)

Finally, we can update a(/; ) from a(I;) similarly to equation (4.14) using Pr(v, s, @)
in place of Prf(s,@). Thus in O(m?) time, after sorting all interval breakpoints in
O(n?*logn) time, we can build a data structure that allows calculation of £(V, ) for
any 4 in O(logn) time.

Next, to compute Vf(V, @), recall that in the locational model VE(V,u) = > .\, cp

Prfi(s, @)s

Prfi(v, s, )s
by the proof of Lemma 18. As preprocessing, we compute the value ZUEV,SEP

for each interval 0z € (3;, Biy1) for i = 0,1,...,h. This can be done in O(n?) time
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(after we sort all angles), by using the similar idea as above. The argument is similar
to that in Lemma 50 and we ignore the details. Due to the above preprocessing,
given any direction i, we can compute Vf(V, @) in O(logn) time by binary search.
Further, the above preprocessing essentially computes M, in totally O(n?logn) time.

The lemma thus follows. O]
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Chapter 5 Coreset Construction for Stochastic

Shape Fitting Problems

Solving geometric optimization problems over uncertain data has become increasingly
important in many applications and has attracted a lot of attentions in recent years.
In this chapter, we study two important geometric optimization problems, the k-
center problem and the j-flat-center problem, over stochastic/uncertain data points in
Euclidean spaces. We consider both problems under two popular stochastic geometric
models, the existential uncertainty model and the locational uncertainty model. We
provide the first PTAS (Polynomial Time Approximation Scheme) for both problems
under the two models. Our results generalize the previous results for stochastic

minimum enclosing ball and stochastic enclosing cylinder.

5.1 Coreset Construction for Deterministic Shape Fitting

Problems

In this section, we introduce an important class of problems in computational geom-
etry, called the shape fitting problems (see e.g., [106]). We also review two useful
concepts to bound the size of coresets, called total sensitivity and VC-dimension.
Finally, we briefly introduce a framework of constructing coresets for deterministic

shape fitting problems.

Definition 53. (Shape fitting problems) A shape fitting problem is specified by a triple
(R, F,d). Here the set F of shapes is a family of subsets of R? (e.g., all k-point sets,
or all j-flats), and d : R? x RY — R=2° is a symmetric distance function. Define
the distance of a point s € RY to a shape F € F to be d(s, F) = mingepd(s,s’). An

instance P of the shape fitting problem is a (weighted) point set {s1,...,s,} (s; € RY),
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and each s; has a positive weight w; € RT. The goal is find a shape which best fits P,
that is, a shape minimizing ), .pw; - d(s;, F') over all shapes F' € F.

In this dissertation, if we consider the Euclidean space RY, we let the function
d(-,-) be the Euclidean distance function. Next, we introduce a powerful technique

for deterministic shape fitting problems.

Definition 54. (Coreset for shape fitting problems) Given a (weighted) instance P
of a shape fitting problem (R, F,d) with a weight function w : P — R*Y, an e-coreset
of S is a (weighted) point set together with a weight function w' : S — R*, such that
for any shape F' € F, we have that

> wi-d(s, F) € (1£e) ) w;-d(s;, F).!

s; €S s;€P

Total sensitivity and dimension. Feldman and Langberg [45] proposed a frame-
work to construct coresets for a variety of deterministic shape fitting problems. We
briefly introduce their framework in the following. To bound the size of coresets
for deterministic shape fitting problems, a useful notion is called total sensitivity,

originally introduced in [77].

Definition 55. (Total sensitivity of a shape fitting instance). Given an instance
P = {s1,...,8,} of a shape fitting problem (R, F,d), with a weight function w :
P — R*, the sensitivity of s; € P is op(s;) == nf{8 > 0| w;-d(s;, F) < B¢, w5
d(s;, F),VF € F}. The total sensitivity of P is defined by &p =  _pop(si).

We also recall the definition of VC-dimension and shattering dimension and show

their relations.

Definition 56. (VC-dimension and shattering dimension) Let P = {s1,...,s,} be
an instance of a shape fitting problem (R%, F,d). Suppose w; is the weight of s;. We
consider the range space (P,R), where R is a family of subsets Rg, of P defined as
follows: given an F' € F andr > 0, let Rp,, = {s; € P | w;-d(s;, F) > r} € R consist

!The notation (1 4 ) B means the interval [(1 — €)B, (1 + €)B].
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of those points s; whose weighted distance to the shape F s at least v. We denote
the VC-dimension of the instance of the instance P by dimyc(P), to be the largest
integer m, such that there exists a weight function w and a subset A C P satisfying the
property |{AN Ry, | F € F,r > 0}| = 2. We also denote the shattering dimension
of the instance P by dim(P), to be the smallest integer m, such that for any weight
Junction w and A C P of size |A] = a > 2, we have |[{ANRp, | F € F,r > 0}| < a™.

The next lemma offers a natural way to bound the VC-dimension of a range space

by bounding the shattering dimension.

Lemma 57. ([58, Lemma 5.14]) If (X, R) is a range space with shattering dimension
d, then its VC-dimension is bounded by O(dlogd).

A framework for constructing coresets of shape fitting instances. The main

idea of the framework in [45] is based on the following lemma.

Lemma 58. Given any instance P = {s1,..., sy} of a shape fitting problem (R, F,d),
any weight function w : P — RY, and any € € (0, 1], there exists an e-coreset for P

of size O((22)? dimyc(P)).

We take 1-median problem as an example. In this example, F = R? and d is the

Euclidean distance function. The framework mainly consists of the following steps.

1. Compute F' C F which is a constant-factor approximate shape in F. For 1-
median, we only need to choose F' = s* = arg min,cp Zsl,ep w; - d(sq,8). It is

not hard to verify that F' = s* is a 2-approximate shape.

2. For each s; € P, compute its projection s; = arg minger d(s;, s). Let P’ = {s :
s; € P} be the collection of all projection points. For l1-median, we observe

that s, = s* for all i € [n].

3. For each s; € P, compute an upper bound op(s;) of the sensitivity (see [106,

Theorem 7] for details). Compute &p =3, 1 op(s;) as an upper bound of the

w;-d(s;,s)
2 jen) wid(s;,s)

bound [106]. By these values, we have &p = Zie[n] op(s;) = 4.

total sensitivity. For 1-median, we let op(s;) = + 2 as an upper
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4. Sample points from P with probabilities proportional to op(s;). Formally s-

w;-&p

peaking, we modify the weight w; to be o () and sample the point s; with

op(si)
Gp

tion 4.1] for more details. By Lemma 58, we need to take O((22)? dimyc(P))

probability This technique is called importance sampling, see [45, Sec-

samples. For 1-median, the VC-dimension is d + 1. Thus, there exists an e-

coreset for P of size O(de™?).

5.2 Generalized Shape Fitting Problems and Generalized Core-

sets

We recall the definitions of the two stochastic shape fitting problems in this chapter.

Definition 59. For a set of points P € R, and a k-point set F = {f1,..., fx) | fi €
R4 1 < i <k}, we define K(P,F) = max,ep min <<, d(s, f;) as the k-center value
of F w.r.t. P. We use F to denote the family of all k-point sets in R%. Given a set
P of n stochastic points (in either the existential or locational uncertainty model) in

R?, and a k-point set F € F, we define the expected k-center value of F w.r.t P as
K<P’F) = EPNP[K(Pv F)}

In the stochastic minimum k-center problem, our goal is to find a k-point set F' € F
which minimizes K(P, F'). In this dissertation, we assume that both the dimension-
ality d and k are fized constants.

Definition 60. Given a set P of n points in R, and a j-flat F € F (0<j <d—1),
where F is the family of all j-flats in RY, we define the j-flat-center value of F w.r.t.
P to be J(P, F) = maxepd(s, F), where d(s, F) = mingepd(s, f) is the distance
between point s and j-flat F. Given a set P of n stochastic points (in either the
existential or locational model) in RY, and a j-flat F € F (0 <j <d—1), we define

the expected j-flat-center value of F' w.r.t. P to be

J(P,F) = Ep_plJ(P, F)].
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In the stochastic minimum j-flat-center problem, our goal is to find a j-flat F which

minimizes J(P, F').

In the following, we define generalized shape fitting problems. In fact, we can
consider stochastic k-center and stochastic j-flat-center as generalized shape fitting
problems. We also give the definition of generalized coresets and introduce a frame-

work for constructing generalized coresets.

Generalized Shape Fitting Problems and Generalized Coresets. In this
section, we define the generalized shape fitting problems, which are defined over a
collection of (weighted) point sets, (recall the traditional shape fitting problems are
defined over a set of (weighted) points). We use R? to denote the d-dimensional
Euclidean space. Let d(s,s’) denote the Euclidean distance between point s and s’
and d(s, F) = mingcpd(s,s’) for any F C R% Let U4 = {P | P C R%|P| is finite}

be the collection of all finite discrete point sets in R?.

Definition 61. (Generalized shape fitting problems) A generalized shape fitting prob-
lem is specified by a triple (RY, F,dist). Here the set F of shapes is a family of subsets
of RY (e.g., all k-point sets, or all j-flats), and dist : U¢ x F — R=0 is a generalized
distance function, defined as dist(P, F) = max,cp d(s, F') for a point set P € U¢ and
a shape F € F. ? An instance S of the generalized shape fitting problem is a (weight-
ed) collection {Sy,...,Sn} (S; € U?) of point sets, and each S; has a positive weight
w; € RT. For any shape F € F, define the total generalized distance from S to F to
be dist(S, F') = > cgw;-dist(S;, F). Given an instance S, our goal is to find a shape

F € F, which minimizes the total generalized distance dist(S, F').

If we replace U¢ with R?, the above definition reduces to the traditional shape

fitting problem, see Definition 53. Here, we give an example for Definition 61.

Example. Consider a generalized shape fitting problem where F is the collection
of all 2-point sets in R?. In this case, for a point s € R? and a 2-point set ' € F,

the function d(s, F') = minsepd(s, f) is the Euclidean distance between s and its

2Note that dist may not be a metric in general.
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nearest point f € F. For a point set P € U? and a 2-point set F' € F, the function
dist(P, F') = maxep d(s, F) is the farthest distance from some point s € P to F.
Then we construct an instance S = {57, Sz, S3} (S; € U?) of this generalized shape
fitting problem as follows. Let S; = {s; = (0,0),s2 = (0,2)}, So = {s3 = (6,0),s4 =
(6,2)}, and S3 = {s5 = (0,1)} €. Each S; has a positive weight, where w; = wy = 1
and ws = 2. Then our goal is to find a 2-point set F' € F, which minimizes the

following total generalized distance

dist(S, F') = Z w; - dist(S;, F) = dist(Sy, F') + dist(Ss, F') + 2dist(.Ss, F).
S;e8
Consider a 2-point set F* = {fi = (0,1),fs = (6,1)}. We can compute that
dist(S1, F*) = maxgeg, d(s, F*) = d(s1, F*) = d(s1,f1) = 1. By the same way,
we compute that dist(Ss, F'*) = d(s3, f2) = 1 and dist(Ss, ™) = d(s5, f1) = 0. Thus,
we have that dist(S, F*) = 14+ 1+ 0 = 2. In fact, we can prove that F* is the optimal

2-point set which minimizes the total generalized distance dist(S, F').

Now, we define what is a coreset for a generalized shape fitting problem.

Definition 62. (Generalized Coreset) Given a (weighted) instance S of a generalized
shape fitting problem (RY, F,dist) with a weight function w : S — R, a generalized
e-coreset of S is a (weighted) collection S C S of point sets, together with a weight
function w' : S — RY, such that for any shape F € F, we have that

> w)-dist(S;, F) € (1+¢) Y w; - dist(S;, F)

S;eS S;€S

(or more compactly, dist(S, F) € (1 £ e)dist(S, F). We denote the cardinality of the

coreset S as |S)|.

Definition 62 also generalizes the prior definition in [106], where each S; € S

contains only one point.

Total sensitivity and dimension. To bound the size of the generalized coresets,
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we need the notion of total sensitivity, originally introduced in [77].

Definition 63. (Total sensitivity of a generalized shape fitting instance). Let U¢ be
the collection of all finite discrete point sets P C R?, and let dist : U x F — R=°
be a continuous function. Given an instance S = {S; | S; C U4,1 < i < n} of a
generalized shape fitting problem (RY, F,dist), with a weight function w : S — R¥,
the sensitivity S; € S is 0g(.S;) == inf{f > 0 | w;-dist(S;, F) < B-dist(S, F'),VF € F}.
The total sensitivity of S is defined by &s = ¢ g 0s(5;).

Note that this definition generalizes the one in [77]. In fact, if each S; € S contains
only one point, this definition is equivalent to Definition 55.

We also generalize the definition of dimension defined in [45] (it is in fact the
primal shattering dimension (See e.g., [45, 58]) of a certain range space. It plays a

similar role to VC-dimension).

Definition 64. (Generalized dimension) Let S = {S; | S; € U1 < i < n} be
an instance of a generalized shape fitting problem (R?, F,dist). Suppose w; is the
weight of S;. We consider the range space (S,R), where R is a family of subsets
Rp, of S defined as follows: given an F € F and r > 0, let Rp, = {S; € S |
w; - dist(S;, F') > r} € R consist of the sets S; whose weighted distance to the shape
F is at least r. Finally, we denote the generalized dimension of the instance S by
dim(8S), to be the smallest integer m, such that for any weight function w and A C S
of size |A| =a > 2, we have |{AN Rp, | F € F,r >0} <a™.

The definition [77] is a special case of the above definition when each S; € S
contains only one point. On the other hand, the above definition is a special case of
Definition 7.2 [45] if thinking each w; - dist(S;, -) = ¢;(+) as a function from F to R=0.

We first have the following lemma for bounding the size of generalized coresets by

the generalized total sensitivity and dimension.

Lemma 65. Given any instance S = {S; | S; C U4, 1 <i < n} of a generalized shape
fitting problem (RY, F,dist), any weight function w : S — RT, and any ¢ € (0,1],
there exists a generalized e-coreset for S of cardinality O((28)? dim(S) log dim(S)).
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The proof is a straightforward extension of the following theorem (a restatement of
Theorem 4.1 and its proof in [45]). Lemma 65 is a direct corollary from the following

theorem.

Theorem 66. Let D = {g; | 1 < i < n} be a set of n functions. For each g € D,
g: X — R2% is a function from a ground set X to [0,+00). Let 0 < e < 1/4 be a

constant. Let q : D — R* be a function on D such that

a(g) = ma <28 (5.1)

reX deD g(l’) ’

Then there exists a collection S C D of functions, together with a weight function

w' : S — RY, such that for every x € X

1> gla) =D w'(g)-glx) <> gla),

geD geS gey

Moreover, the size of S is

O ((M) dim(D) -log(dim(D))) ,

€

where dim(D) is the generalized shattering dimension of D (see Definition 7.2 in

[45])- °
Now we are ready to prove Lemma 65.

Proof. Suppose that we are given a (weighted) instance S = {S; | S; C R%,1 < i < n}
of a generalized shape fitting problem (R?, F,dist), with a weight function w : S —
R*. A generalized e-coreset is a collection S C S of point sets, together with a weight

function w’ : & — R* such that, for any shape F' € F, we have

> wl-dist(S;, F) € (1+e) > w; - dist(S;, F). (5.2)

S; €S S; €S

3Note that there is an additional log(dim(D)) term comparing to Lemma 58. This is because
we consider shattering dimension instead of VC-dimension. By Lemma 57, we should have this
additional term.
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For every S; € S and F € F, let ¢;(F) = w; - dist(S;, F') and D = {g; | S; € S}.
Define

a(g:) = o5(Si) + % —inf{8 > 0 | ws - dist(S;, F)

: 1

< B Szesw dist(S;, F),VF € F} + -
It is not hard to verify that this definition satisfies Inequality (5.1). The additional
1/n term will be useful in Section 5.3, where we need a lower bound of ¢(g;). Thus,
we have &s + 1 = > ¢ o(0s(Si) +1/n) = > cpa(g:). Recall that dim(S) is the
generalized shattering dimension of S. By Theorem 66, we conclude that there exists
a collection S of cardinality O((£%)? dim(S) - log(dim(S))) with a weight function
w' : § — RT satisfying Inequality (5.2). O

5.3 Stochastic Minimum k-Center

In this section, we consider the stochastic minimum k-center problem in R¢ in the
stochastic model. Let F be the family of all k-point sets of R?, and let P be the
set of stochastic points. Our main technique is to construct an SKC-CORESET S of
constant size. For any k-point set F' € F, K(S, F') should be a (1 £ ¢)-estimation
for K(P,F) = Epp[K(P, F)]. Recall that K(P, F') = max,ep mingep d(s, f) is the
k-center value between two point sets P and F. Constructing S includes two main
steps: 1) Partition all realizations via additive e-coresets, which reduces an expo-
nential number of realizations to a polynomial number of point sets. 2) Show that
there exists a generalized coreset of constant cardinality for the generalized k-median
problem defined over the above set of polynomial point sets. Finally, we enumerate
polynomially many possible collections S; (together with their weights). We show
that there is an SKC-CORESET S among those candidate. By solving a polynomial
system for each S;, and take the minimum solution, we can obtain a PTAS.

We first need the formal definition of an additive e-coreset [11] as follows.
Definition 67. (additive e-coreset) Let B(f,r) denote the ball of radius r centered

90



CHAPTER 5. CORESET CONSTRUCTION FOR STOCHASTIC SHAPE
FITTING PROBLEMS

at point f. For a set of points P € U, we call Q C P an additive e-coreset of P if

for every k-point set F = {f1,..., fx}, we have
P C UleB(fi; (1 + 5>K(Q= F))?

i.e., the union of all balls B(fi, (1 +¢)K(Q, F)) (1 <i < k) covers P. *

5.3.1 Existential uncertainty model
We first consider the existential uncertainty model.

Step 1: Partitioning realizations

We first provide an algorithm A, which can construct an additive e-coreset for
any deterministic point set. We can think A as a mapping from all realizations of P
to all possible additive e-coresets. The mapping naturally induces a partition of all

realizations. Note that we do not run A on every realization.

Algorithm A for constructing additive e-coresets. Given a realization P ~ P,
we first compute an approximation value rp of the optimal k-center value minge  K(P, F').
Then we build a Cartesian grid G(P) of side length depending on rp. Let C(P) =
{C| C e G,CNP # 0} be the collection of those nonempty cells (i.e., cells that
contain at least one point in P). In each non-empty cell C' € C(P), we maintain the
point s¢ € C'N P of smallest index. Let £(P) = {s¢ | C € G}, which is an additive
e-coreset of P. Finally the output of A(P) is £(P), G(P), and C(P). The details can
be found in Section 5.5.

Note that we do not use the construction of additive e-coresets [11], because it is
not easy to recover the set of original realizations with a certain additive e-coreset.
We need the set of additive e-coresets to have some extra properties (in particular,
Lemma 70 below), which allows us to compute certain probability values efficiently.

We first have the following lemma.

Lemma 68. The running time of A on any n point set P is O(kn**1). Moreover,

40ur definition is slight weaker than that in [11]. The weaker definition suffices for our purpose.
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the output E(P) is an additive e-coreset of P of size at most O(k/e?).

Denote E(P) = {€(P) | P ~ P} be the collection of all possible additive e-
coresets. By Lemma 68, we know that each S € £(P) is of size at most O(k/e?). Thus,
the cardinality of £(P) is at most n®*/¢) For a point set S, denote Prp_p[E(P) =
S| = > p.pupep)—s Pr[F P| to be the probability that the additive e-coreset of a
realization is S. The following simple lemma states that we can have a polynomial

size representation for the objective function K(P, F).

Lemma 69. Given P of n points in R? in the existential uncertainty model, for any

k-point set F' € F, we have that

Y Prpp[E(P)=S]-K(S, F) € (1+e)K(P,F).
Se&(P)
Proof. By the definition of Prp p[E(P) = S|, we can see that for any k-point set
FeF,

> Prpplé(P) = 5]-K = > Z Pr[= P]-K(S, F)

SEE(P) S€EE(P) P:P~P.E(P)=S

cl+e) Y Z Pr[F P]-K(P,F):(lig)K(P,F).

SEE(P) P:P~P.E(P)=S
The inequality above uses the definition of additive e-coresets (Definition 67). O

We can think P — &(P) as a mapping, which maps a realization P ~ P to
its additive e-coreset £(P). The mapping partitions all realizations P ~ P into a
polynomial number of additive e-coresets. For each possible additive e-coreset S €
E(P), we denote E71(S) = {P ~ P | E(P) = S} to be the collection of all realizations
mapping to S. By the definition of £(P), we have that UgegE(S) = P.

Now, we need an efficient algorithm to compute Prp..p[E(P) = S] for each additive
e-coreset S € E(P). The following lemma states that the mapping constructed by
algorithm A has some nice properties that allow us to compute the probabilities.

This is also the reason why we cannot directly use the original additive e-coreset
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construction algorithm in [11]. The proof is somewhat subtle and can be found in

Section 5.5.

Lemma 70. Consider a subset S of at most O(k/e?) points. Run algorithm A(S),
which outputs an additive e-coreset £(S), a Cartesian grid G(S), and a collection
C(S) of nonempty cells. If E(S) # S, then S ¢ E(P) (i.e., S is not the output of A
for any realization P ~P). > If|S| < k, then £71(S) = {S}. Otherwise if E(S) = S
and |S| > k + 1, then a point set P ~ P satisfies E(P) = S if and only if

P1. For any cell C ¢ C(S), CNP =1.

P2. For any cell C € C(S), assume that point s = C'NS. Then s¢ € P, and any
point s € C' NP with a smaller index than that of s¢ does not appear in the

realization P.

Thanks to Lemma 70, now we are ready to show how to compute Prpp[E(P) = S|
efficiently for each S € £(P). We enumerate every point set of size O(k/e?). For a
set S, we first run A(S) and output a Cartesian grid G(S) and a point set £(5). We
check whether S € E(P) by checking whether £(S) = S or |[S| < k. If S € E(P), we
can compute Prp.p[E(P) = S| using the Cartesian grid G(S). See Algorithm 1 for
details. We also give an example to explain Algorithm 1, see Figure 5.3.1.

The following lemma asserting the correctness of Algorithm 1 is a simple conse-

quence of Lemma 70.
Lemma 71. For any point set S, Algorithm 1 computes exactly the total probability

Prpplf(P)=S= >  Pr[FP
P:P~P,E(P)=S

in O(nPF=N)Y time.

Proof. Run A(S), and we obtain a point set £(5). If £(S) # S, we have that S ¢ E(P)
by Lemma 70. Thus, Prp.p[E(P) = S] = 0. If |S| < k, we have that £71(S) = {S}
by Lemma 70. Thus, Prpp[(P) = S] = Pr[F S].

51t is possible that some point set S satisfies Definition 67 for some realization P, but is not the
output of A(S5).
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Algorithm 1 Computing Prp.p[E(P) = S|

1 For each point set S ~ P of size |S| = O(k/e?), run algorithm A(S). Assume
that the output is a point set £(S), a Cartesian grid G(S), and a cell collection
C(S)={C|CeqG,CnS#0}.

21If £(S) # S, output Prpp[E(P) =S| =0. If |S| < k, output Prpp[E(P) = S] =
Pr[F S].

3 For a cell C, suppose CNP = {t; | t; € P,1 < i < m}. W.lo.g., assume that
t1,...,t, are in increasing order of their indices. For C' & C(S), let

m

QC) = Prrp[P0C=0] = T[1 1)

i=1
be the probability that no point in C' is realized. If C' € C(S), assume that point
t; € CNS, and let

7—1

Q(C) = Pl"pwp[tj € P and {tl,...,tj_l}ﬂP = @] =Dp;- H(l _pi)

=1

be the probability that ¢; appears, but ¢;,...,¢;_; do not appear.
4 Output Prpp[E(P) = S] = [[oeq(s) QO

Otherwise if £(S) = S and |S| > k+1, by Lemma 70, each realization P € £71(S)
satisfies P1 and P2. Then combining the definition of Q(C'), and the independence of
all cells, we can see that [[oc. Q(C) is equal to 3 pee1(5) Pr[F P] = Prppl[€(P) =
S].
k/ed)

For the running time, note that we only need to consider at most n°!

sets S ~ P. For each S, Algorithm 1 needs to run A(S), which costs O(kn**1)

point

time by Lemma 68. Step 2 and 3 only cost linear time. Thus, we can compute all

probabilities Prp_p[E(P) = S] in O(n®*/=)) time. O

Step 2: Existence of generalized coreset via generalized total sensitivity
Recall that £(P) is a collection of polynomially many point sets of size O(k/e%).
By Lemma 69, we can focus on a generalized k-median problem: finding a k-point set
I € F which minimizes K(E(P), F) = > gce(py PreplE(P) = S]- K(S, F). In fact,
the generalized k-median problem is a special case of the generalized shape fitting
problem we defined in Definition 61. Here, we instantiate the shape family F to

be the collection of all k-point sets. Note that the k-center objective K(E(P), F) is
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Figure 5-1: An example for Algorithm 1 when k£ = 2. In this figure, P = {s;,...,s11}
consists of all points, and S = {s3, s5, $7} consists of black points. Then by Lemma 70,

we have that Prpp[E(P) = S] = pspspr(1 —p1)(1 —p2) (1 —pa)(1 —p1o)(1 —p11). Now
we run Algorithm 1 on S. In Step 1, we first construct a Cartesian grid G(S) as in
the figure, and construct a cell collection C(S) = {Cy, Cy, C5} since C4yN S = (). Note
that £(S) = S (by Lemma 70) and |S| = 3 > k. We directly go to Step 3 and want
to compute the value Q(C;) for each cell C;. For cell C, two rectangle points s; and
sy are of smaller index than s; € S. So we compute that Q(C) = p3(1 —p1)(1 — pa).
Similarly, we compute Q(C2) = p5(1—p4), Q(Cs) = pr, and Q(Cy) = (1—p1o)(1—p11).
Finally in Step 4, we output Prpp[€(P) = 5] = [[ccqs) Q(C) = pspspr(1 —p1)(1 —
p2)(L = pa)(1 = p1o)(1 — pu1).

indeed a generalized distance function in Definition 61. To make things concrete, we

formalize it below. Recall that U? is the collection of all finite discrete point sets in

R

Definition 72. A generalized k-median problem is specified by a triple (R, F,K).
Here F is the family of all k-point sets in R?, and K : U? x F — R=2% is a generalized
distance function defined as follows: for a point set P € U and a k-point set F € F,
K(P, F') = maxsep d(s, F') = maxsep mingep d(s, f). An instance S of the generalized
k-median problem is a (weighted) collection {Si,...,Sm} (Si € U¢) of point sets,
and each S; has a positive weight w; € RY. For any k-point set F € F, the total
generalized distance from S to F is K(S, F) = > ¢ gwi - K(Si, F). The goal of the
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generalized k-median problem (GKM) is to find a k-point set F' which minimizes the
total generalized distance K(S, F).

Recall that a generalized e-coreset is a sub-collection S C S of point sets, together
with a weight function w’ : & — R™, such that for any k-point set F' € F, we have
Y osesW(S) - K(S,F) € (1£¢) gegw(S)-K(S, F) (or K(S,F) € (1+¢)K(S, F)).
This generalized coreset will serve as the SKC-CORESET for the original stochastic
k-center problem.

Our main lemma asserts that a constant sized generalized coreset exists, as follows.

Lemma 73. (main lemma) Given an instance P of n stochastic points in R?, let
E(P) be the collection of all additive e-coresets. There exists a generalized e-coreset
S C &E(P) of cardinality |S| = O(e~ 2 dk*), together with a weight function w' :
S — R, which satisfies that for any k-point set F' € F,

> w'(S)-K(S,F) e (1+e) Y  Prppl€(P)=S]-K(S.F).
ses Se&(P)

Now, we prove Lemma 73 by showing a constant upper bound on the cardinality of
a generalized e-coreset. This is done by applying Lemma 65 and providing constant
upper bounds for both the total sensitivity and the generalized dimension of the
generalized k-median instance.

Given an instance S = {S; | S; € U% 1 < i < n} of a generalized k-median
problem with a weight function w : S — R™, we denote F* to be the k-point set
which minimizes the total generalized distance K(S, F) = ) ¢.qw(S5) - K(S, F) over
all F € F. W.lo.g., we assume that K(S, F*) > 0. Since if K(S, F*) = 0, there are
at most k different points in the instance.

We first construct a projection instance P* of a weighted k-median problem for
S, and relate the total sensitivity &g to &p+. Recall that &g = > 4 g 0s(S) is the
total sensitivity of S. Our construction of P* is as follows. For each point set S; € S,
assume that F" € F is the k-point set satisfying that [} = argmaxF%

% Let s7 € S; denote the point

, le.,

the sensitivity og(S;) of S; is equal to
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o [ ) O
d(si, F*)

K(S, FY)

Figure 5-2: In the figure, S; is the black point set, F'* is the white point set, and F} is
the dashed point set. Here, s € S; is the farthest point to F}* satisfying d(s}, F}*) =
K(S;, F), and f € F* is the closest point to s} satisfying d(s}, ) = d(s}, F™).

farthest to F;* (breaking ties arbitrarily). Let f € F'* denote the point closest to s}
(breaking ties arbitrarily). Denote P* to be the multi-set {f* | S; € S}, and denote
the weight function w’ : P* — R™ to be w'(f}) = w(S;) for any i € [n]. Thus, P* is
a weighted k-median instance in R? with a weight function w’. See Figure 5-2 for an

example of the construction of P*.

Lemma 74. Given an instance S = {S; | S; € U4, 1 < i < n} of a generalized
k-median problem in RY with a weight function w : S — RT, let P* be its projection

instance. Then, we have g < 2Gp« + 1.

Proof. First note that we have the following fact. Given i,j € [n], recall that s; € Sj
is the farthest point to F}', and f; € F™ is the closest point to s7. Let f € F; be the

point closest to sj.

K(Sj, F7) + K(5;, F7) = d(s5, F7) + d(s5, F7) = d(sj, F}') + d(s5, f5)

= d(sj, ) +d(s5, f7) = d(f5, f) = d(f7, ), (5.3)

The first inequality follows from the definitions of K(S;, F*) and K(S;, F"*). The first
equality follows from the definition of f;. The second inequality follows from the
triangle inequality, and the last inequality is by the definition of d(f}, F}").

Then we have the following fact:

Sow(f)-d(fF) = Y W ()AL F) <) w(S)) - (K(S;, FF) + K(S;, FY))

fepP* f;eP* S;€8

= K(S, F*) + K(S, FY) < 2K(S, ), (5.4)
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since K(S, F*) < K(S, F;) and Inequality (5.3).
Let f € F be the point closest to f. We also notice the following fact:

K(Si, F*) + d(f7, F) > d(s}, f7) +d(f5, FF) = d(si, fF) + d(f f,)
> d(s;, ') > d(s], ') = K(S;, I). (5.5)

The first inequality follows from the definition of f, the second inequality follows
from the triangle inequality, and the last inequality follows from the definition of
d(s;, 7).

Now we are ready to analyze og(S;) for some S; € S. We can see that

w(S) - K (S, F7) < w(Si) - K(S;, F7) + w(Si) - d(fF, F7)

)

[by (5.5)]

< w(S;) - K(Si, F*) + op«(f]) - <Z w'(f)-d(f, FZ*)) [by the definition of o p«|

fep*

< w(Sy) - K(Si F?) + 20p-(f7) - K(S., FY) by (5:4)
- wl5) <sK§5> F) (S, F2) 4 200 (f7) - K(S, FY)
< (ww}i(sK(;) ) 4 oop(fr >> K(S, FY). by K(S, F}') > K(S, F")]

Finally, we bound the total sensitivity as follows:

%—ZUS Z( Slf:)’FﬂJFQUP*(f‘))—lJr?@P

S;eS S;eS

This finishes the proof of the lemma. n

Since P* is an instance of a weighted k-median problem, we know that the total
sensitivity &p« is at most 2k + 1, by [77, Theorem 9]. ¢ Then combining Lemma 74,

we have the following lemma which bounds the total sensitivity of &g.

Lemma 75. Consider an instance S of a generalized k-median problem (R?, F,K).

The total sensitivity Bg is at most 4k + 3.

5Theorem 9 in [77] bounds the total sensitivity for the unweighted version. However, the proof
can be extended to the weighted version in a straightforward way.
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Now the remaining task is to bound the generalized dimension dim(S). Consider
the range space (S,R), R is a family of subsets R, of S defined as follows: given an
FeFandr>0,let Rp, ={S; €S |w;-K(S;, F) >r} € R. Here w; is the weight

of S; € S. We have the following lemma.

Lemma 76. Consider an instance S of a generalized k-median problem in RY. If

each point set S € S is of size at most L, then the generalized dimension dim(S) is

O(dkL).

Proof. Consider a mapping ¢ : S — R constructed as follows: suppose S; = {z! =
(xf,...,2Y), ... 2l = (b, . 2l)} (if |S;] < L, we pad it with 2! = (x1,... 2})).
We let

9(Si) = (a1,..., 25 ... 2k 2k) e R

For any ¢ > 0 and any k-point set I’ € F, we observe that w; - K(S;, F') > r hold-
s if and only if there exists some 1 < j < L satisfying that w; - d(2?, F) > r,
which is equivalent to saying that point ¢(S;) is in the union of the following L sets
{(z1,... 2k, ok o2y | A, F) > rjwi} (5 € [L]).

Let X be the image set of g. Let (X,R7) (1 < j < L) be L range spaces, where
each R7 consists of all subsets R‘;r = {(z},...,2k ... 2l 2k e X | d(2f F) >
r} for all F € F and r > 0. Note that each (X, R’) has shattering dimension dk by
[45]. Let R = {UR; | R; € R’,i € [L]}. Using the standard result for bounding the
shattering dimension of the union of set systems (e.g.,[58, Theorem 5.22]), we can see
that the shattering dimension of (X, R’) (which is the generalized dimension of S) is
bounded by O(dkL). O

Note that an additive e-coreset is of size at most O(k/e?). Then combining Lem-
ma 65, 75 and 76, we directly obtain Lemma 73. Combining Lemma 69 and 73, we

have the following theorem.

Theorem 77. Given an instance P of n points in R? in the existential uncertainty
model, there exists an SKC-CORESET S of O(e™ @2 @2k*) 7 point sets with a weight

function w' : & — R™, which satisfies that,

"Here, we hide a log k + log(1/¢) term in the notion O().
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1. For each point set S € S, we have S C P and |S| = O(k/e%).

2. For any k-point set F € F, we have ) 4 sw'(S) - K(S, F) € (1 £e)K(P, F).

PTAS for stochastic minimum Fk-center. It remains to give a PTAS for the
stochastic minimum k-center problem. For an instance £(P) of a generalized k-median
problem, if we can compute the sensitivity ogp)(S) efficiently for each point set S €
E(P), then we can construct an SKC-CORESET by importance sampling (The details
of the sampling technique are the same as described in [45, Section 4.1]). However, it is
unclear how to compute the sensitivity ogp)(S) efficiently. Instead, we enumerate all
weighted sub-collections S; C E(P) of cardinality at most O(e~ @2 d2kY). We claim

O™ d%)y 1olynomially many sub-collections

that we only need to enumerate O(n
S; together with their weight functions, such that there exists a generalized e-coreset
of £(P). ® We will show the details later.

In the next step, for each weighted sub-collection § C £(P) with a weight function
w' : 8§ = R, we briefly sketch how to compute the optimal k-point set I’ such that
K(S, F') is minimized. We cast the optimization problem as a constant size polynomial
system.

Denote the space F = {(v*,...,9") | y* € R4 1 < i < k} to be the collection of
ordered k-point sets ((y', %2, ...,y%) € F and (32,9, ...,y*) € F to be two different
k-point sets if y! # y?). We first divide the space F into pieces {F'}, as follows: Let
L =0(k/e?) and L = (Iy,...,l) (1 <1; < k,Vj € [L]) be a sequence of integers,
and let b € [L] be an index. Consider a point set S = {z! = (z},...,2}),... 2L =
(zf,. .. xk)} € S and a k-point set F' = {y' = (yi,...,9b),...,v" = (WF, ..., y%)} €
F. We give the following definition.

Definition 78. The k-center value K(S, F') is decided by L and b if the following

two properties hold.

1. For anyi € [L] and any j € [k], d(a%, y%) < d(a%,y7), i.e., the closest point to

2 isyl € F.

8We remark that even though we enumerate the weight function, computing Prpp[E(P) = 5]
is still important for our algorithm. See Lemma 81 for the details of the enumeration algorithm.
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2. For any i € [L], d(a% y%) < d(z%y"), i.e., the k-center value K(S,F) =
d(z", y").

For each point set S; € S, we enumerate an integer sequence L£; and an index
b;. Given a collection {L£;,b;}; (index i ranges over all S; in §), we construct a piece
Filubiti C F as follows: for any point set S; € S and any k-point set F' € Fifubidi the
k-center value K(S;, F) is decided by L; and b;. According to Definition 78, F{£ubik:
is defined by a polynomial system.

Then, we solve our optimization problem in each piece F{fitit:. By definition 78,
for any point set S; € S and any k-point set F € Fifibidi the k-center value
K(S;, F) = d(a%, y~®)) (2% € S, y*®) € F). Here, the index £;(b;) is the b;-
th item of £;. Hence, our problem can be formulated as the following optimization

problem:

2 gi >0,V € [L];y5®) ¢ Fy F e Fleubids

' '"(S:)-a 2 | pbi g Li(b)
m};n&ze;gw(Sz) gi, st gr =z —y
By Definition 78, there are at most kL|S| constraints, which is a constant. Thus, the
polynomial system has dk variables and O(kL|S|) constraints, hence can be solved
in constant time. Note that there are at most O(k"ISl) different pieces Fifibiti C F,
which is again a constant. Thus, we can compute the optimal k-point set for the
weighted sub-collection S in constant time.

Now we return to the stochastic minimum k-center problem. Recall that we first
enumerate all possible weighted sub-collections S; C E(P) of cardinality at most
O(e= 42 2kY). Then we compute the optimal k-point set F' for each weighted sub-
collection S; as above, and compute the expected k-center value K(P,F*). ? Let
F* € F be the k-point set which minimizes the expected k-center value K(P, F*)
over all F*. By Lemma 81, there is one sub-collection S; with a weight function w’
satisfying that K(S;, F*) < (1 + €) minger K(P, F'). Thus, we conclude that F* is a

(1+ ¢)-approximation for the stochastic minimum k-center problem. For the running

9Tt is not hard to compute K(P, F*) in O(nlogn) time by sorting all points in 7 in non-increasing
order according to their distances to F".
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O(E_(2d+2)d2k5)) weighted sub-collections. Moreover,

time, we enumerate at most O(n
computing the optimal k-point set for each sub-collection costs constant time. Then
(no(s—(2d+2)d2k5))'

the total running time is at most O Thus, we have the following

corollary.

Corollary 79. If both k and d are constants, given an instance P of n stochastic
points in R in the existential uncertainty model, there exists a PTAS for the stochastic

.. . —(2d+2) 321.5
minimum k-center problem in O(n° Rk ))

time.

Enumerating possible generalized e-coresets. Given an instance S = {S; | S; €
U41<i<N } of a generalized k-median problem in R? with a weight function
w : S — RT, now we show how to enumerate polynomially many sub-collections
S; C S together with their weight functions, such that there exists a generalized e-
coreset of S. Recall that os(S;) is the sensitivity of S;, and &s = >,y 0s(5;) is the
total sensitivity. Also recall that dim(S) is the generalized dimension of S. Define
q(Si) = 0s(S;) + 1/N for 1 < i < M, and define gs = >,y q(Si). Note that
gs = Bg + 1 < 4k + 4 by Lemma 75. Our algorithm is as follows.

1. Let M = O((%)?dim(S)). Let L = L(log M +log N + log k).

2. Enumerate all collections S; C S of cardinality at most M. Note that we only

need to enumerate at most N™ collections.

3. For a collection § C S, w.l.o.g., assume that S = {S1, 52, -, S} (m < M).
Enumerate all sequences ((1 +e)m, ..., (1+ 5)“”’) where each 0 < a; < L is an

integer.

4. Given a collection § = {54, 5, -+, S, } and a sequence ((1—1—8)‘“, . (1+5)am),
we construct a weight function w’ : § — R* as follows: for a point set S; € S,

denote w'(S;) to be (14¢)%-w(S;)/M. Recall that w(.S;) is the weight of S; € S.

Analysis. Recall that given an instance P of a stochastic minimum k-center problem,

we first reduce to an instance S = E£(P) of a generalized k-median problem. Note
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O(k/e

that the cardinality of S is at most n d), and the cardinality of a generalized e-

coreset is at most M = O(e~ (42 @2k*) by Theorem 77. Thus, we enumerate at most
NM = O 2d?ks) polynomially many sub-collections §; C S. For each collection
Si, we construct at most ML+ = O(nO*/ 6d)) polynomially many weight functions.
In total, we enumerate NM . ML+ = O(nOE *2d*%)) polynomially many weighted
sub-collections.

It remains to show that there exists a generalized e-coreset of S. We first have

the following lemma.

Lemma 80. Given an instance S = {S; | S; € U4, 1 < i < N} of a generalized k-
median problem in R with a weight function w : S — R™*, there exists a generalized

e-coreset S C S with a weight function w' : S — RT, such that

D w'(S)-K(S,F) e (1£e)) w(S) K(S,F).
Ses Ses
The cardinality of S is at most M = O((%)* dim(S)). Moreover, each weight w'(.S)

(S € §) has the form that w'(S) = C'qq(sé;‘f](\j), where 1 < ¢ < M is an integer.

Proof. For each S € S, let g5 : F — R™ be defined as gs(F) = w(S) - K(S, F)/q(S).
Let D = {gs | S € S} be a collection, together with a weight function w” : D — R
defined as w”(gs) = q(S). Note that for any k-point set F' € F, we have that

> w'(gs) - gs(F) = w(S)-K(S,F) =K(S, F).

gs€G Ses

By Theorem 4.1 in [45], we can randomly sample (with replacement) a collection
S C D of cardinality at most M = O((%)? dim(S)), together with a weight function
w': S — RT defined as w'(gs) = gs/M. Then the multi-set S satisfies that for every
FerF,

> wlgs) - gs(F) € (1£e) Y w'(gs) - gs(F) = (1 ££)K(S, F).

gs€S gs€G
By the definition of gg and w’, we prove the lemma. O

103



CHAPTER 5. CORESET CONSTRUCTION FOR STOCHASTIC SHAPE
FITTING PROBLEMS

We are ready to prove the following lemma.

Lemma 81. Among all sub-collections S C S of cardinality at most M = O((%2)? dim(8S)),

together with a weight function w': S — RY of the form w'(S;) = (1 +¢)% - w(S;)/M

) 10(log M +log N+log k)
(0<a; < -

is an integer), there exists a generalized e-coreset of S.

Proof. By Lemma 80, there exists a generalized e-coreset § C § of cardinality at
most M together with a weight function w’ : & — R™ defined as follows: each weight
w'(S) (S € 8) has the form that w'(S) = %ﬁés) for some integer 1 < cg < M.
W.lo.g., we assume that S = {S1,5,,...,5, | S; € S} (m < M).

By the definition of ¢(S), we have that 1/N < ¢(S) < ¢gs = &g + 1 < 4k + 4.

Then we conclude that for each S € S,

Cs - gs

P=0)

< (4k +4)MN.

For 1 < i < m, let a; = Lloglﬁ(%”. Note that each a; satisfies that 0 <

), Thus, we have enumerated the following sub-collection & =

a; < 10(log M+1§g N+log k

{S1,52,,Sm | S; € S} with a weight function w” : § — RT, such that w”(S;) =

(14+e)%-w(S;)/M. Moreover, for any k-point set F', we have the following inequality.

S wis)-K(s, )= Y W) ks e g 3 otsitld)

M

1<i<m 1<i<m 1<i<m

q(Si) - M

=(1£e) > w/(S) K(S,F) € (1£3e)> w(S) K(S,F).

1<i<m Ses

The last inequality is due to the assumption that the sub-collection S with a weight

function w’ is a generalized e-coreset of S. Let ¢’ = ¢/3, we prove the lemma. O]

5.3.2 Locational uncertainty model

Next, we consider the stochastic minimum k-center problem in the locational uncer-
tainty model. Given an instance of m nodes vy, . .., v, which may locate in the point
set P = {s1,...,8, | s; € R: 1 <i<n}, our construction of additive e-coresets and

the method for bounding the total sensitivity is exactly the same as in the existential
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uncertainty model. The only difference is that for an additive e-coreset S, how to
compute the probability Prpp[€(P) = S| = > p pp¢p)=s Pr[F P]. Here, P ~ P
is a realized point set according to the probability distribution of P. Run A(S), and
construct a Cartesian grid G(S). Denote T'(S) = (Up;pr’g(p):sP) \ S to be the
collection of all points s which might be contained in some realization P ~ P with
E(P) = 5. Recall that C(S) = {C € G | |CNS| = 1} is the collection of d-dimensional
Cartesian cells C' which contains a point s € S. By Lemma 70, for any realization

P with £(P) = S, we have the following observations.

1. For any cell C ¢ C(S), C' N P = (). It means that for any point s € C' NP, we
have s ¢ T'(.5).

2. For any cell C' € C(S) and any point s’ € C'NP with a smaller index than that
of s, we have s’ ¢ P. It means that s’ ¢ T'(S).

By the above observations, we conclude that 7'(.S) is the collection of those points s’
belonging to some cell C' € C(S) and with a larger index than that of s.

Then we reduce the counting problem Prp.p[E(P) = S] to a family of bipartite
holant problems. We first give the definition of holant problems.

Definition 82. An instance of a holant problem is a tuple A = (G(V, E), (gu)uEV) s (We) e
where for every u € V, g, : {0, 1}E“ — R* is a function, where E,, is the set of edges

incident to u. For every assignment o € {0, 1}E, we define the weight of o as

wy (o) < H 9u (0 |B,) Hwe‘

ueV eco

Here o |g, is the assignment of E, with respect to the assignment o. We denote the
value of the holant problem Z(A) = > oeio1yE WA(0).
For a counting problem Prp p[E(P) = S|, w.l.o.g., we assume that S = {s1,..., 59/}

Then we construct a family of holant instance A, as follows.

1. Enumerate all integer sequences £ = (ly,. .., g, l;) such that Zl§i§|5’| I +1; =
n,l; >1(1<i<|5]), and [; > 0. Let L be the collection of all these integer

sequences L.
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2. For a sequence L, assume that A, = (G(U, V. E), (gg)uequ) is a holant instance
on a bipartite graph, where V' = {vy,...,v,}, and U = S U {t} (we use vertex
t to represent the collection T'(5)).

3. The weight function w : E — R* is defined as follows:

(a) For a vertex v; € V and a vertex s; € S, w;; = pyj.
(b) For a vertex v; € Vandt € V, wy = ZSjET(S) Dij-

4. For each vertex v € V, the function g, = (= 1). ' For each vertex s; € S, the

function g, = (= [;), and the function g, = (= [;).

Since each S € E(P) is of constant size, we only need to enumerate at most
O(m!S*1) = poly(n) integer sequences £. Given an integer sequence £ = (11, ..., I, lt),
we can see that Z(A,) is exactly the probability that I; nodes are realized at point
s; € S (V1 <i <|S]), and I; nodes are realized inside the point set 7'(S). Then by

Lemma 70, we have the following equality:
PrpplE(P) = 8] =Y Z(Ar).
It remains to show that we can compute each Z(A,) efficiently. Fortunately, we have

the following lemma.

Lemma 83. ([67],/103]) For any bipartite graph Ay with a specified integer sequence
L, there exists an FPRAS to compute the holant value Z(Ar).

Thus, we have the following theorem.

Theorem 84. If both k and d are constants, given an instance of m stochastic nodes
in R? in the locational uncertainty model, there exists a PTAS for the stochastic

mainimum k-center problem.

Combining Theorem 77 and 84, we obtain the main result Theorem 12.

10Here the function g, = (= i) means that the function value g, is 1 if exactly i edges incident to
v are of value 1 in the assignment. Otherwise, g, = 0
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5.4 Stochastic Minimum j-Flat-Center

In this section, we consider a generalized shape fitting problem, the minimum j-
flat-center problem in the stochastic models. Let F be the family of all j-flats in
R?. Our main technique is to construct an SJFC-CORESET of constant size, which
satisfies that for any j-flat F' € F, we can use the SJFC-CORESET to obtain a
(1+¢)-estimation for the expected j-flat-center value J(P, F'). Then since the SJFC-
CORESET is of constant size, we have a polynomial system of constant size to compute
the optimum in constant time.

Let B = Z1§i§n p; be the total probability. We discuss two different cases. If
B < e, we reduce the problem to a weighted j-flat-median problem, which has been
studied in [106]. If B > ¢, the construction of an SJFC-CORESET can be divided
into two parts. We first construct a convex hull, such that with high probability
(say 1 — ¢) that all points are realized inside the convex hull. Then we construct a
collection of point sets to estimate the contribution of points insider the convex hull.
On the other hand, for the case that some point appears outside the convex hull, we
again reduce the problem to a weighted j-flat-median problem. The definition of the

weighted j-flat-median problem is as follows.

Definition 85. For some 0 < j < d — 1, let F be the family of all j-flats in R,
Given a set P of n points in R? together with a weight function w : P — R*, denote
cost(P, F) = >, cpwi-d(s;, F). A weighted j-flat-median problem is to find a shape

F € F which minimizes the value cost(P, F).

5.4.1 Casel: B<e

In the first case, we show that the minimum j-flat-center problem can be reduced to

a weighted j-flat-median problem. We need the following lemmas.

Lemma 86. If B < ¢, for any j-flat F' € F, we have Y ppi-d(s;, F)) € (1+¢)-
J(P, F).

Proof. For a j-flat F € R w.l.o.g., we assume that d(s;, F') is non-decreasing in i.
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Thus, we have

IPF) = pi-d(si, F)-T](1 = py)

i€[n] J>i
Since B < ¢, for any i € [n], we have that 1 —e <1 — Zje[n] pi < Hj>i<1 —p;) <L

So we prove the lemma. [

By Lemma 86, we reduce the original problem to a weighted j-flat-median prob-
lem, where each point s; € P has weight p;. We then need the following lemma to

bound the total sensitivity.

Lemma 87. (Theorem 18 in [106]) ' Consider the weighted j-flat-median problem
where F is the set of all j-flats in R%. The total sensitivity of any weighted n-point
set is O(j1°).

On the other hand, we know that the dimension of the weighted j-flat-median
problem is O(jd) by [45]. Then by Lemma 65, there exists an e-coreset S C P
of cardinality O(j*de~2log(jd)) = O(j*de?) to estimate the j-flat-median value
> sepli - d(s;, F) for any j-flat ' € F. ' Moreover, we can compute a constant
approximation j-flat in O(ndj®U”)) time by [44]. Then by [106], we can construct
an e-coreseet S in O(ndjo(j2)) time. Combining Lemma 86, we conclude the main

lemma in this subsection.

Lemma 88. Given an instance P of n stochastic points in R, if the total probability
S pi < &, there exists an STFC-CORESET of cardinality O(j*de=2) for the minimum
j-flat-center problem. Moreover, we have an O(ndjo(jQ)) time algorithm to compute

the SIFC-CORESET.

5.4.2 Case 2: B>¢

Note that if F' is a j-flat, the function d(z, F')? has a linearization. Here, a lineariza-

tion is to map the function d(x, F')? to a k-variate linear function through variate

" Theorem 18 in [106] bounds the total sensitivity for the unweighted version. However, the proof
can be extended to the weighted version in a straightforward manner.

12We remark that for the j-flat-median problem, Feldman and Langberg [45] showed that there
exists a coreset of size O(jde~2). However, it is unclear how to generalize their technique to weighted
version.

108



CHAPTER 5. CORESET CONSTRUCTION FOR STOCHASTIC SHAPE
FITTING PROBLEMS

embedding. The number k is called the dimension of the linearization, see [8]. We

have the following lemma to bound the dimension of the linearization.

Lemma 89. ([/6]) Suppose F is a j-flat in R?, the function d(x, F)? (x € R?) has a
linerization. Let D be the dimension of the linearization. If j = 0, we have D = d+1.

If j =1, we have D = O(d?). Otherwise, for 2 < j < d— 1, we have D = O(j%d?).

Suppose P is an instance of n stochastic points in R?. For each j-flat F € R¢,
let hp(z) = d(x, F)? (z € RY), which admits a linearization of dimension O(j2d®) by
Lemma 89. Now, we map each point s € P into an O(j2d?) dimensional point s’ and
map each j-flat F' € R? into an O(j2d?) dimensional direction #, such that d(s, F') =
(s',@)'/2. For convenience, we still use P to represent the collection of points after lin-
earization. Recall that Pr[F P] is the realized probability of the realization P ~ P. By
this mapping, we translate our goal into finding a direction @ € ROG*®)  which min-
imizes the expected value Ep_p[max,cp (@, 2)'/?] = > 5 _p» Pr[F P] - max,ep(d, z)"/2.
We also denote P* = {i € R? | (ii,s) > 0,Vs € P} to be the polar set of P. We
only care about the directions in the polar set P* for which (u, 3)1/ 2 Vs € Pis well
defined.

We first construct a convex hull H to partition the realizations into two parts.
Our construction uses the method of (g, 7)-QUANT-KERNEL construction in Chapter
4. For any normal vector (direction) @, we move a sweep line [z orthogonal to ,
along the direction u, to sweep through the points in P. Stop the movement of ¢z
at the first point such that Pr[P N Hy)] > &/, where & = £90"®) is a fixed constant.
Denote Hy to be the halfplane defined by the sweep line ¢; (orthogonal to the normal
vector @) and Hy to be its complement. Denote P(Hy) = P N Hy to be the set of
points swept by the sweep line [;. We repeat the above process for all normal vectors
(directions) , and let H = NzHyz. Since the total probability B > ¢, H is nonempty
by Helly’s theorem. We also know that H is a convex hull by Chapter 4. Moreover,

we have the following lemma.

Lemma 90. (Lemma 39 and Theorem 5) Suppose the dimensionality is d. There

is a convex set K, which is an intersection of O(e~(@=1/2) halfspaces and satisfies
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(1—e)K CH C K. Moreover, K can be constructed in O(nlog®? n) time.

By the above lemma, we construct a convex set K = NzKz, which is the inter-

~0U*@) halfspaces Kz (@ is the direction orthogonal to the halfspace

section of O(e
Kz). Let Kz be the complement of Ky, and let P(ICz) = P N Ky be the set of points
in Kz. Denote P(K) to be the set of points outside the convex set K. Then we have

the following lemma, which shows that the total probability outside K is very small.

Lemma 91. Let K be a convex set constructed as in Lemma 90. The total probability

Pr[P(K)] <e.

Proof. Assume that K = NzCz. Consider a halfspace £z. By Lemma 90, the convex
set K satisfies that H C KC. Thus, we have that Pr[P(Ky)] < Pr[P(Hjyz)] < €' by the
definition of H .

Note that Pr[P(K)] is upper bounded by the multiplication of £’ and the number
of halfspaces of K. By Lemma 90, there are at most O(sfo(jzdg)) halfspaces Kz. Thus,

we have that Pr[P(K)] < e. O

Our construction of SJFC-CORESET is consist of two parts. For points inside /C,
we construct a collection S;. Our construction is almost the same as (e, r)-FPOW-
KERNEL construction in Chapter 4, except that the cardinality of the collection S is
different. For completeness, we provide the details of the construction here. Let P (k)
be the collection of points in NP, then P(K) is also an instance of a stochastic min-
imum j-flat-center problem. We show that we can estimate Ep.p(x)[max,cp (i, z)*/?]
by &1. For the rest points outside K, we show that the contribution for the objective
function Epp[max,ep(i, r)!/?] is almost linear and can be reduced to a weighted
j-flat-median problem as in Case 1.

We first show how to construct S; for points inside K as follows.

1. Sample N = O((¢'e) 279" log(1/¢)) = O(¢°E*®)) independent realiza-
tions restricted to P(K).

2. For each realization S;, use the algorithm in [7] to find a deterministic e-kernel

& of size O(e C0*®)). Here, a deterministic e-kernel & satisfies that (1 —

110



CHAPTER 5. CORESET CONSTRUCTION FOR STOCHASTIC SHAPE
FITTING PROBLEMS

e)CH(S;) C CH(&) € CH(S;), where CH(+) is the convex hull of the point

set.

3. Let §; = {& | 1 <i < N} be the collection of all e-kernels, and each e-kernel
&; has a weight 1/N.

Hence, the total size of Sy is O(e79U°®)). For any direction @ € P*, we use

¥ De.cs, Maxgeg, (@, )% as an estimation of Ep.p (k) [max,ep (7, 2)'/?]. By Chapter

4, we have the following lemma.

Lemma 92. (Lemma 44-46) For any direction i € P*, let Mz = maxep(x) (U, r)1/2,

We have that

1
N mag((ﬁ, )% € (1+¢/2)Epupp) [mag(ﬂ', )2 £ ele(1 — ) My /4
xel; pAS
EiE€ST

Now we are ready to prove the following lemma.

Lemma 93. For any direction @ € P*, we have the following property.

]_ = 1/2 — 1/2 — 1/2

~ rxneagx<u,:c> + Zﬁ pi- (U, )7 € (1+ 4€)Epwp[1£1€al§(u,x> ].
EES s;€P(K)

Proof. Let E be the event that no point is present in K. By the fact Pr[K] < ¢, we

have that Pr[E] = I .px) (1 —pi) = 1 =3, cpey pi = 1 — . Thus, we conclude that

1 — e < Pr[E] <1 We first rewrite Epp[max,cp (i, v)'/?] as follows:

IEpr[malgcw, 2)Y/?] = Pr[E] -Epr[mag(ﬁ, 2)'? | E] + Pr[E] -]Epr[ma]?(ﬁ, )2 | B
€ € re

=Pr[E] - Epp(x) [malgc(ﬁ, )2 + Pr[E] - Epp [ma}gc(ﬁ, )12 | E)
Te TEe

For event E, we bound the term Pr[E] - Epp(ic)[max,ep (i, z)1/?] via the collection
Si. Let My = max,ep(x) (@, )'/?. By Lemma 92, for any direction @ € P*, we have

that

1
N m%x@, )% € (1+£¢/2)Epupi) [mag(ﬁ, )2+ ele(1 — €)My /4
xel; e
Ei€S1
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By Lemma 90, we have that (1 — )/ C H. Then by the construction of Hz, we have
that Pr[P N (1 — ¢)Kz] > €. Thus, we obtain that

Ep-p|max(¥, z) P >e(1—-e) xlé%a(}ié)w )P = (1— )My,

So we conclude that

(1 —2¢e)Pr[E] - Eppx) [I;lg}g{(ﬁ, z)?) — 5Epr[I£16a;<<ﬁ, )12 < % r&z@x(u )12
&eS
<(1+2e)Pr[E] - Epopx) [gleag(u )2 + eEpp [rgeag((ﬁ, )Y,
(5.6)
since 1 —e < Pr[E] < 1.
For event E, without loss of generality, we assume that the n points sq, ..., s, in

P are sorted in nondecreasing order according to the inner product (i, s;). Assume
that s;,,...,s;, (iy < iy < ... < ;) are points in P(K). Let E; be the event that

point s;; is present and all points s;, are not present for k > j.  We have that

Pr(B] - Epp[max(d, ) )'/? | E] =) Pr[E; - Epnplmax(d, ©)'? | Ej)

JEl]

:Zpij . ( H (1 _pik)) .]EPNP[IEEa§<ﬁ’ 2)2 | ).

jell] JHI<k<

By the above equality, on one hand, we have that

Pr[E] - Epplmax (i, x) VEIE > (1—e)) pi, - (i, s:,)"?, (5.7)
]

Jell

since max,ep (U, z)'/? > (i, s;,)"/? if event E; happens. On the other hand, the
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following inequality also holds.

Pr(B] - Epop[max(i, ) Y2 El = Pr(E)] - Epp[max(d, ©)'? | Ej)

JEl]

SZPr[E] Epepl(h 5"+ max )<u,:c>1/2 | E]

Jell
<Y pi - (Beer((@, i)' | Ej] +EP~P[IG$%K)<57 o)/ | Ej))

Jell
<sz i, 8 1/2+sz] Eppic )[r;lealgc i, x) 1/2 < Zpl i, 8i;) 1/2 +e- ]EPNp[r;lealgc(u x)l/Q].

Jell Jell jell

(5.8)

The last inequality holds since that Y-, p;; = Pr[P(K)] < ¢ by Lemma 91. Com-

bining Inequalities (5.6), (5.7) and (5.8), we prove the lemma. O

By Lemma 88, we construct a point set Sy to estimate Zsl_ep(@ pi - d(s;, F) with
a weight function w’ : S, — R. We have that the size of Sy can be bounded by
O(j*de™?). Then & = 8§ U S, is a collection of constant size, which satisfies the

following property:
S max (i, z)/% 4 Z w) - (i, )% € (14 O(€))Epop[max(d, z)/?).  (5.9)
N z€eé; zEP )

51 €St Si €8Sy

Here w] is the weight of s; in So. We can think S; = {{s;} | 1 < s; < |S2|} as a
collection of singleton point sets {s;}. Then by Inequality 5.9, we have that S is a

generalized e-coreset satisfying Definition 62. We conclude the following lemma.

Lemma 94. Given an instance P of n stochastic points of the stochastic minimum
j-flat-center problem in the existential model, if the total probability . p; > €, there
exists an SJFC-CORESET S containing 0(5_0(j2d3) + jtde=2) point sets of size at
most O(e~CU*®)) | together with a weight function w' : S — RT, which satisfies that
for any j-flat F' € F,

> w'(S)- (S, F) € (1+e)J(P, F).

Ses
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Combining Lemma 88 and Lemma 94, we can obtain the following theorem.

Theorem 95. Given an instance P of n stochastic points in the existential model,
there is an SJFC-CORESET of size O(e OU*®) 1 j4ds=2) for the minimum j-flat-
center problem. Moreover, we have an O(n log® @ n + 5_O(j2d3)n) time algorithm to

compute the SJTFC-CORESET.

Proof. We only need to prove the running time. Recall that the SJFC-CORESET
S can be divided into two parts S = &1 U S,. For the first part &7, we construct
the convex hull K in O(nlog®? n) by Lemma 90. Then we construct S; by taking
O(e~°6*®) independent realizations restricted to P(K). For each sample, we con-
struct a deterministic e-kernel in O(n + ¢=@=3/2)) by [110]. So the total time for
constructing Sy is O(nlog? ¥ n 4+ e=90*®)n). On the other hand, we can construct

Sy in O(ndjo(f)) time by Lemma 88. Thus, we prove the theorem. O

PTAS for stochastic minimum j-flat-center. Given an SJFC-CORESET S to-
gether with a weight function w’ : S — R™ by Theorem 95, it remains to show how
to compute the optimal j-flat for S. Our goal is to find the optimal j-flat F* such
that the total generalized distance ) ¢ g w'(S)-J(S, F*) is minimized. The argument
is similar to the stochastic minimum k-center problem.

We first divide the family F of j-flats into a constant number of sub-families. In
each sub-family F' C F, we have the following property: for each S; € S, and each
j-flat F' € F', the point s' = argmax,cg, d(s, F') is fixed. By Lemma 41, we have that
hp(z) = d(z, F)? (x € R?) admits a linearization of dimension O(j2d®). For each
sub-family F’, we can formulate the optimization problem as a polynomial system of
constant degree, a constant number of variables, and a constant number of constraints.
Then we can compute the optimal j-flat in constant time for all sub-families 7' C F.
Thus, we can compute the optimal j-flat-center for the SJFC-CORESET § in constant

time. We then have the following corollary.

Corollary 96. If the dimensionality d is a constant, given an instance of n stochastic
points in R in the existential uncertainty model, there exists a PTAS for the stochastic

minimum, j-flat-center problem in O(nlog® ¥ n 4+ =00 ) time.
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Locational Uncertainty Model. Note that in the locational uncertainty model,
we only need to consider Case 2. We use the same construction as in the existential
model. Let p; =) j Du;s;- Similarly, we make a linearization for the function d(z, I/ )2,
where z € R? and F € F is a j-flat. Using this linearization, we also map P into
O(j?d?)-dimensional points. For the jth node and a set P of points, we denote
pj(P) = )_,,cpPu;s to be the total probability that the jth node locates inside P.
By the condition Pr[P(K)] < e, we have that Pr[E] = 1 — [Tjepm (1 - p;i(K)) <
1 — (1 —¢e) = &, where event E represents that there exists a point present in K.
So we can regard those points outside K independent. On the other hand, for any
(1-
pi(PN(1—¢e)Hz) > 1—(1—£)™ > /2, where event Ej represents that there

direction 4, since Pr[P N (1 — e)Hy] > €', we have that Pr[Ez] = 1 — [[;c;y
exists a point present in P N (1 — &)Hz. Moreover, we can use the same method to
construct a collection &; as an estimation for the point set P(K) in the locational
uncertainty model. So Lemma 93 still holds. Then by Lemma 94, we can construct

an SJEFC-CORESET of constant size.

Theorem 97. Given an instance P of n stochastic points in the locational uncer-
tainty model, there is an SJFC-CORESET of cardinality O(sfo(ﬂd% +jde™2) for the
mainimum j-flat-center problem. Moreover, we have a polynomial time algorithm to

compute the gerneralized €-coreset.

By a similar argument as in the existential model, we can give a PTAS for the
locational uncertainty model. Then combining with Corollary 96, we prove the main

result Theorem 13.

5.5 Constructing additive e-coresets

In this section, we first give the algorithm for constructing an additive e-coreset. We
construct Cartesian grids and maintain one point from each nonempty grid cell, which
is similar to [11]. However, our algorithm is more complicated. See Algorithm 2 for
details.

Now we analyze the algorithm.
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Algorithm 2 Constructing additive e-coresets (A)

1 Input: a realization P ~ P. W.lo.g., assume that P = {s1,..., 5.}

2 Let rp = minpg.pep jpj=x K(P, F). If rp = 0, output £(P) = P. Otherwise assume
that 2¢ < rp < 297! (a € Z).

3 Draw a d-dimensional Cartesian grid G (P) of side length £2%/4d centered at point
04,

4 Let C1(P)={C | C € G,CNP # 0} be the collection of those cells which intersects
P.

5 For each cell C' € C;(P), let s € C'N P be the point in C of smallest index. Let
E(P)={s"| CeCi(P)}.

6 Compute rg (py = ming.pep,pj=k K(E1(P), F). If re,py > 2%, let E(P) = & (P),
G(P) = G1(P), and C(P) = C1(P).

7 If repy < 27, draw a d-dimensional Cartesian grid Go(P) of side length £2%/8d
centered at point 0¢. Repeat Step 4 and 5, construct C(P) and E(P) based on the
new Cartesian grid Go(P). Let E(P) = &(P), G(P) = G5(P), and C(P) = Co(P).

8 Output £(P), G(P), and C(P).

Lemma 98. rp is a 2-approximation for the minimum k-center problem w.r.t. P.

Proof. By Gonzalez’s greedy algorithm [51], there exists a subset F' C P C P of size
k such that the k-center value K(P, F') is a 2-approximation for the minimum k-center

problem w.r.t. P. Thus, we prove the lemma. O]

By the above lemma, we have the following lemma.

Lemma 68. The running time of A on any n point set P is O(kn**!). Moreover,

the output £(P) is an additive e-coreset of P of size at most O(k/e?).

Proof. Since rp is a 2-approximation, £(P) is an additive e-coreset of P of size O(k/e?)
by Theorem 2.4 in [11]. For the running time, consider computing 7p in Step 2 (also
re,(p) in Step 6). There are at most n* point sets £/ C P such that |F| = k. Note that

computing K(P, F') costs at most nk time. Thus, it costs O(kn**!)

time to compute
rp (also ¢, (p)) for all k-point sets F© C P. On the other hand, it only costs linear
time to construct the Cartesian grid G(P), the cell collection C(P) and E(P) after

computing rp and rg,(py, which finishes the proof. O]

We then give the following lemmas, which is useful for proving Lemma 70.

116



CHAPTER 5. CORESET CONSTRUCTION FOR STOCHASTIC SHAPE
FITTING PROBLEMS

Lemma 99. For two point sets P, P, if P C P, then rp < rp. Moreover, if P’ is

an additive e-coreset of P, then (1 —e)rp < rp < rp.

Proof. Suppose F' C P is the k-point set such that the k-center value K(P, F') = rp.
Since P" C P, we have K(P', F') < rp. Thus, we have rpr < K(P', F) < rp.
Moreover, assume that P’ is an additive e-coreset of P. Suppose F’ C P is the
k-point set such that the k-center value K(P', F’) = rpr. Then by Definition 67, we
have K(P, F') < (14¢)rp.. Thus, we have (1—¢)rp < (1—e)K(P, F') <rp <rp. O

Lemma 100. Assume that a point set P' = E(P) for another point set P ~ P'.
Running A(P') and A(P), assume that we obtain two Cartesian grids G(P') and
G(P) respectively. Then we have G(P') = G(P).

Proof. If rp = 0, we have that rp < rp = 0 by Lemma 99. Thus we do not construct
the Cartesian grid for both P and P’. Otherwise assume that 2* < rp < 2°*! (q € Z).
Run A(P). In Step 5, we construct a Cartesian grid G (P) of side length €2/4d, a
cell collection C;(P), and a point set & (P). Since & (P) is an additive e-coreset of
P by [11], we have 2*7!' < (1 —e)rp < re,p) < rg < 2°T'. Then we consider the
following two cases.

Case 1: rgpy > 2% Then P’ = E(P) = &(P), and G(P) = G1(P) in this
case. Running A(P’), we have that 2¢ < rgpy = rp < 7p < 29%1 by Lemma 99.
Thus, we construct a Cartesian grid G1(P’") = G1(P) of side length £2%/4d, and a
point set & (P’) in Step 5. Since Gi(P') = G1(P) and P’ = & (P), we have that
E1(P') = P’ by the construction of & (P'). Thus, re, (pry = 7¢,(p) > 2%, and we obtain
that G(P’) = G1(P’) in Step 6, which proves the lemma.

Case 2: 271 < rg (py < 2% Then in Step 7, we construct a Cartesian grid Go(P)
of side length €2%/8d for P, a cell collection Co(P), and a point set E2(P). In this case,
we have that E(P) = &(P), G(P) = Gy(P), and C(P) = Co(P). Now run A(P’), and
obtain £(P’), G(P'), and C(P’). By Lemma 99, we have

20t > Tp > Tp = re(p) > (1 — z’:‘)’f‘p > 2071,

We need to consider two cases. If 297! < rp, < 2% we construct a Cartesian grid
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G1(P’) of side length £2%/8d, and a point set & (P’) in Step 5. Since G (P') = Ga(P)
and P’ = &(P), we have that & (P') = P’ by the construction of & (P’). Then we
let G(P') = G1(P') in Step 6. In this case, both G(P) and G(P’) are of side length
£2%/8d, which proves the lemma.

Otherwise if 2¢ < rpr < 2% we construct the Cartesian grid G;(P’) = G1(P) of
side length £2%/4d, a cell collection C;(P’), and a point set & (P’) in Step 5. We then
prove that & (P') = & (P). Since all Cartesian grids are centered at point 0%, a cell
in G;(P) can be partitioned into 2¢ equal cells in G5(P). Rewrite a cell C* € G1(P)
as O = Uj<;<0aC; where each C; € Go(P). Assume that point s* € C* NP =
Uj<i<2¢(C; N P) has the smallest index, then point s* is also the point in C* N &(P)
of smallest index. Since £(P) = &(P), we have that s* is the point in C* N E(P)
of smallest index. Considering & (P’), note that for each cell C* € Ci(P'), &(P')
only contains the point in C* N P’ of smallest index. Since P’ = £(P), we have that
E1(P') = &(P). Thus, we conclude that rg (pry = ¢, (py < 2%. Then in Step 7, we
construct a Cartesian grid Ga(P') = Go(P) of side length £2%/8d for P'. Finally, we
output G(P’) = Go(P’) = G(P), which proves the lemma. O

Recall that we denote E(P) = {E(P) | P ~ P} to be the collection of all possible
additive e-coresets. For any S, we denote £E71(S) = {P ~ P | E(P) = S} to be the

collection of all realizations mapped to S. Now we are ready to prove Lemma 70.

Lemma 70. (restated) Consider a subset S of at most O(k/e?) points. Run algo-
rithm A(S), which outputs an additive e-coreset £(S5), a Cartesian grid G(5), and
a collection C(S) of nonempty cells. If £(S) # S, then S ¢ E(P) (i.e., S is not the
output of A for any realization P ~ P). If |S| < k, then £71(S) = {S}. Otherwise if
E(S)= S and |S| > k + 1, then a point set P ~ P satisfies £(P) = S if and only if

P1. For any cell C' ¢ C(S), C NP = 0.

P2. For any cell C' € C(S), assume that point s = C'NS. Then s¢ € P, and any
point s € C'N P with a smaller index than that of s does not appear in the

realization P.
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Proof. 1f £(S) # S, we have that rg > 0. Assume that S € £(P). There must exist
some point set P ~ P such that £(P) = S. By Lemma 100, running A(P) and A(S),
we obtain the same Cartesian grid G(P) = G(S). Since £(S) # S, there must exist
a cell C' € C(S) such that |[C'N S| > 2 (by the construction of £(S)). Note that
C € G(P). We have |C N E(P)| = 1, which is a contradiction with £(P) = 5. Thus,
we conclude that S ¢ E(P).

If |S| < k, assume that there exists another point set P # S, such that £(P) = S.
By Lemma 68, we know that S is an additive e-coreset of P. By Definition 67, we
have S C P and K(P,S) < (1+¢)K(S,5) = 0. Thus we conclude that P = S. On
the other hand, we have £(S) = S since rg = 0. So we conclude that £71(S) = {S}.

If |S| > k+1and £(S) = S, we have that g > 0. Running A(P) and A(S), assume
that we obtain two Cartesian grids G(P) and G(S) respectively. By Lemma 100, if
E(P) = S, then we have G(P) = G(S). Moreover, by the construction of £(P), P1
and P2 must be satisfied.

We then prove the ’only if” direction. If P1 and P2 are satisfied, we have that S
is an additive e-coreset of P satisfying Definition 67 by [11]. Then by Lemma 99, we
have that (1 —&)rp < rg < rp. Assume that 2¢ < rg < 2°*! (¢ € Z), we conclude
20 < rp < 272 Now run A(S). In Step 5, assume that we construct a Cartesian grid
G1(S) of side length £2%/4d, a cell collection C;(S), and a point set & (S). Since & ()
is an additive e-coreset of S by [11], we have 2971 < (1 — &)rg < rg,s) < rg < 2°%%
Then we consider the following two cases.

Case 1: 2% < rg (g < 271, In this case, we have that G(S) = G1(S5), C(S) =
C1(S), and S = £(S) = & (S). Running A(P), assume that we obtain G(P), C(P),
and £(P). Consider the following two cases. If 2¢ < rp < 2°7! we construct a
Cartesian grid G1(P) = G(95) of side length £2%/4d, and a point set & (P) in Step 5.
Since P1 and P2 are satisfied, we know that & (P) = S. Then since 2% < r¢,(py = rg <
2071 we obtain that £(P) = & (P) = S in this case. Otherwise if 2°71 < rg < 20%2,
run A(P). We construct a Cartesian grid G;(P) of side length €2%/2d, and a point
set & (P) in Step 5. Since P1 and P2 are satisfied, we have that & (P) C S. Thus,

we have rg, (py <15 < 29+ by Lemma 99. Then in Step 7, we construct a Cartesian
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grid Gy(P) = G1(S) of side length £2%/4d, and a point set E(P). In this case, we
have that G(P) = Ga(P) = G1(5), and E(P) = &(P). By P1 and P2, we have that
E(P)=&(P)=25.

Case 2: 2°7! < rg g) < 2°. Running A(S), we construct a Cartesian grid Go(S)
of side length £2%/8d, and a point set £(S) in Step 7. In this case, we have that
G(S) = G5(S), and S = £(S5) = &(S). Since &(S) is an additive e-coreset of S,
we conclude that &£(5) is also an additive 3e-coreset of P satisfying Definition 67.
Then we have that 2* < rp < (1 + 3¢)rg (5) < 2**! by Lemma 99. Running A(P),
we construct a Cartesian grid G;(P) = G1(95) of side length £2%/4d, and a point set
E1(P) in Step 5. Since P1 and P2 are satisfied, we know that & (P) = & (5). Thus,
we have 207! < Tey(P) = Tey(s) < 2% Then in Step 7, we construct a Cartesian grid
Go(P) = G5(S) of side length €2%/8d, and a point set &(P). Again by P1 and P2,
we have that &(P) = &(S). Thus, we output £(P) = &(P) = S, which finishes the

proof. n
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Chapter 6 Estimating the Expected Value of
Combinatorial Optimization Problems

over Stochastic Data

In this chapter, we consider the stochastic geometry model where the location of
each node is a random point in a given metric space, or the existence of each node
is uncertain. We study the problems of computing the expected lengths of several
combinatorial or geometric optimization problems over stochastic points, including
closest pair, minimum spanning tree, k-clustering, minimum perfect matching, and
minimum cycle cover. We also consider the problem of estimating the probability
that the length of closest pair, or the diameter, is at most, or at least, a given
threshold. Most of the above problems are known to be #P-hard. We obtain FPRAS
(Fully Polynomial Randomized Approximation Scheme) for most of them in both
the existential and locational uncertainty models. Our result for stochastic minimum
spanning trees in the locational uncertain model improves upon the previously known
constant factor approximation algorithm. Our results for other problems are the first

known to the best of our knowledge.

6.1 The Closest Pair Problem

6.1.1 Estimating Pr[C < 1]

As a warmup, we first demonstrate how to use the stoch-core technique for the
closest pair problem in the existential uncertainty model. Given a set of points
P ={s1,...,8,} in the metric space, where each point s; € P is present with proba-
bility p;. We use C to denote the distance between the closest pair of vertices in the

realized graph. If the realized graph has less than two points, C is zero. The goal is
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to compute the probability Pr[C < 1].

For a set H of points and a subset S C H, we use H(S) to denote the event that
among all points in H, all and only points in S are present. For any nonnegative
integer i, let H(i) denote the event \/gc g H(S), i.e., the event that exactly i
points are present in H.

The stoch-core of the closest pair problem is simply defined to be
H:{Si |Pi2%}-
n

Let F =P \ H. We consider the decomposition

|| ||

r[C<1] = ZPr H)ANC<1] = ZPr |- Pr[C < 1|F(@).

Our algorithm is very simple: estimate the first three terms (i.e., i = 0, 1,2) and use
their sum as our final answer.
We can see that H satisfies the two properties of a stoch-core mentioned in the

introduction:

1. The probability that all nodes are realized in H, i.e., Pr[F(0)], is at least 1 —n

e __ .
=1l

2. If there exist two points s;, s; € H such that d(s;,s;) < 1, we have Pr[C <1 |
F(0)] > Z—i; otherwise, Pr[C < 1 | F(0)] = Pr[H(0) | F(0)] + Pr[H(1) | F(0)].
Note that we can compute Pr[H(0) | F(0)] and Pr[H(1) | F(0)] in polynomial

time. We do not consider this case in the following analysis.

Both properties guarantee that the random variable I(C < 1), conditioned on F(0),
is poly-bounded !, hence we can easily get a (1 £ £)-estimation for Pr[F(0) A C < 1]
with polynomial many samples with high probability. Similarly, Pr[F(i) A C < 1] can
also be estimated with polynomial number of samples for ¢ = 1,2. The algorithm can

be found in Algorithm 3.

11() is the indicator function. Note that E[I(C < 1)] = Pr[C < 1].
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Algorithm 3 Estimating Pr[C < 1]

1 Estimate Pr[F(0)AC < 1]: Take Ny = O((n/c)*Inn) independent samples. Suppose
M, is the number of samples satisfying C < 1 and F(0). Tj < %‘;

2 Estimate Pr[F(1) A C < 1]: For each point s; € F, take N; = O((n/e)*Inn)
independent samples conditioning on the event F({s;}). Suppose there are M; samples
satisfying C <1.71] ZsieriMi/Nl‘

3 Estimate Pr[F(2) A C < 1]: For each point pair s;,s; € I, take Ny = O((n/e)*Inn)
independent samples conditioning on the event F({s;,s;}). Suppose there are M,;
samples satisfying C < 1. Ty + ZS%SJE]F pipj M/ Ns.

4 Output: Ty + 711 + 1o

Lemma 101. Steps 1,2,3 in Algorithm 3 provide (1+t¢)-approximations for Pr[F(i) A
C < 1] fori=0,1,2 respectively, with high probability.

Theorem 102. There is an FPRAS for estimating the probability of the distance

between the closest pair of nodes is at most 1 in the existential uncertainty model.

Proof. We only need to show that the contribution from the rest of terms (where
more than two points outside stoch-core H are present) is negligible compared to the
third term. Suppose S is the set of all present points such that C < 1 and there are at
least 3 points not in H. Suppose s;, s; are the closest pair in S. We associate .S with
a smaller set S’ C S by making 1 present point in (S NIF) \ {s;,s;} absent (if there
are several such S’, we choose an arbitrary one). We denote it as S ~ S’. We use the
notation S € F; to denote that the realization S satisfies (F(i) A C < 1). Then, we

can see that for i > 3,

PrF(i) AC<1]= Y Prs]< Y Y Prs].

S:SeF; S:S'eF;_q 8:5~5'

For a fixed S’, there are at most m different sets S such that S ~ S” and Pr[S] <

25 Pr[S’] for any such S. Hence, we have that

> Prls] < %Pr[S’].

S:8~S5’
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Therefore,

2e 2e

P j <1< =. n==—". j — < 1].

F(i) AC<1) < = > Pr[s] — - PrF(i —1) AC<1]
S':S'eF; 4

Hence, overall we have » ., Pr[F(i) A C < 1] < ePr[F(2) A C < 1]. This finishes the

analysis. O

Note that the number of samples is dominated by estimating Pr[F(2) A C < 1].
Since there are O(nz) different pairs s;,s; € F. We take N, independent samples for

each pair. Overall, we take O(Z—j In n) independent samples.

Locational Uncertainty Model. The algorithm for the locational uncertainty
model is similar to the one for the existential uncertainty model. Here we briefly
sketch the algorithm. For ease of exposition, we assume that for each point, there
is only one node that may be realized at this point. In principle, if more than one
node may be realized at the same point, we can create multiple copies of the point
co-located at the same place.

For any node v € V and point s € P, we use the notation v F s to denote the
event that node v is realized at point s. Let p,s = Pr[v F s], i.e., the probability that
node v is realized at point s. For each point s € P, we let p(s) denote the probability
that point s is present (p(s) = pys, v is the unique node which may be realized at s).
Let H (i) denote the event that exactly ¢ nodes are realized to the point set H.

We construct the stoch-core H = {s | p(s) > m} Let F = P\ H. Then we
rewrite Pr[C < 1] = >, Pr[F(i) AC < 1]. We only need to estimate the first three

terms.
Estimating Pr[F(0) A C < 1].

1. If there exist two points s, s" € H with d(s, s’) < 1 which correspond to different
nodes, then Pr[F(0) AC < 1] > p(s)p(s') > ﬁ by the definition of stoch-core,
we can simply estimate Pr[F(0) A C < 1] by taking O(("€L4)4 Inn) independent

samples using the Monte Carlo method.
2. If no such two points s, s’ € H exist, Pr[F(0) AC < 1] = 0.
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Estimating Pr{F(1) A C < 1]. We first rewrite this term by > PrF(1) AC <

veV,self
1 AvE s|. For anode v € V and point s € F, we denote By = {s’ e H: d(s,s") < 1}.
If B, contains any point corresponding to a node other than v, we can use Monte
Carlo for estimating Pr[F(1) AC <1 | v F o] since it is at least =5, Otherwise,

computing Pr[F(1) AC < 1| v F ] is equivalent to computing Pr[F(0) A C < 1] in the

instance without v (since v is at distance more than 1 from any other nodes).

Estimating Pr[F(2) A C < 1]. We rewrite it as ) PrlF2) A\C<1AwvE

v’ €V, s,s’'€F
s Av' E §']. We estimate each term in the same way as the former case. We do not

repeat the argument here.

Analysis. Similar to the existential uncertainty model, we can show that the con-
tribution of » ;. Pr[F(i) A C < 1] is negligible. The argument is almost the same
as before. Suppose S is a realization such that C < 1 and there are at least 3 points
not in H. Suppose v;,v; are the closest pair in S. We associate S with S, where
S’ is obtained by sending node v in S (except v;,v;) located in F to a point s € H
such that p,, > % We denote it as S ~ S’. Then for a fixed S’, there are at most
nm different sets S such that S ~ 5" and Pr[S] < 2Pr[S] for any such S. The rest

arguments are the same.

Theorem 103. There is an FPRAS for estimating the probability of the distance

between the closest pair of nodes is at most 1 in the locational uncertainty model.

The number of samples is dominated by estimating Pr[F(2) A C < 1]. Since there
are O(mQ) different pairs of nodes v,v’ € V and O(nZ) different pairs of points
s,s' € F, we separate F(2) into O(m?n?) different terms. For each term, we take

O(("&‘LAL)4 In n) independent samples. Thus, we take O(m§f6 In n) independent samples

in total.

6.1.2 Estimating E[C]

In this section, we consider the problem of estimating E[C], where C is the distance
of the closest pair of present points, in the existential uncertainty model. Now,

we introduce our second main technique, the hierarchical partition family (HPF)
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technique, to solve this problem. An HPF is a family ¥ of partitions of P, formally

defined as follows.

Definition 104. (Hierarchical Partition Family (HPF)) Let T' be any minimum s-
panning tree spanning all points of P. Suppose that the edges of T are ey, ..., em_1
with d(ey) > d(ez) > ... > d(em—1). Let E; = {e;,€i41,...,6m—1}. The HPF V(P)
consists of m partitions I'y, ..., I'y. T'y is the entire point set P. T'; consists of i dis-
joint subsets of P, each corresponding to a connected component of G; = G(P, Ej).
I',, consists of all singleton points in P. It is easy to see that I'; is a refinement of
['; for j >i. Consider two consecutive partitions I'; and I';11. Note that G; contains
ezactly one more edge (i.e., e;) than Giy1. Let pi;, 1 and pfl, | be the two components
(called the split components) in I';11, each containing an endpoint of e;. Let v; € T;

be the connected component of G; that contains e;. We call v; the special component

We observe two properties of W(P) that are useful later.

P1. Consider a component C' € T';. Let sy, s, be two arbitrary points in C. Then
d(s1,s2) < (n—1)d(e;) (this is because s; and sy are connected in Gy, and e; is

the longest edge in Gj).

P2. Consider two different components C'; and Cs in I';. Let s; € C and sy € Cy
be two arbitrary points. Then d(s, s2) > d(e;—1) (this is because the minimum

inter-component distance is d(e;—_;) in Gj).

Let the random variable Y be smallest integer ¢ such that there is at most one
present point in each component of I';,;. Note that if Y = ¢ then each component of
I['; contains at most one point, except that the special component v; contains exactly

two present points. The following lemma is a simple consequence of P1 and P2.

Lemma 105. Conditioning on Y = i, it holds that d(e;) < C < nd(e;) (hence, C is

poly-bounded).
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Consider the following expansion of E[C]:

m—1
E[C] =) Pr[y =i{E[C|Y =1i].
i=1
For a fixed i, Pr[Y = ] can be estimated as follows: For a component C' C P, we
use C'(j) to denote the event that exactly j points in C' are present, C(s) the event
that only s is present in C' and C(< j) the event that no more than j points in C are

present. Let u; and p be the two split components in I';. Note that

PrlY = i] = Prljy (1)] - Prluls (1] - [T PriC(< 1),
Ccer,

Each term can be easily computed in polynomial time. The remaining is to show
how to estimate E[C | Y = i]. Since C is poly-bounded, it suffices to give an efficient
algorithm to take samples conditioning on Y = i. This is again not difficult: We
take exactly one point s € puf,, with probability Pr[u] ,(s)]/Pr[u;,,(1)]. Same for
i, ,. For each C' € I, take no point from C' with probability Pr[C(0)]/Pr[C(< 1)];
otherwise, take exactly one point s € C' with probability Pr[C(s)]/Pr[C(< 1)].

By Lemma 105, conditioning on Y = 4, taking O(Z Inn) independent samples are
enough using the Monte Carlo method. Since there are m levels, we take O(:—j In n)
independent samples in total. This finishes the description of the FPRAS in the

existential uncertainty model.

Locational Uncertainty Model. Our algorithm is almost the same as the exis-
tential model. We first construct the HPF W(P). The random variable Y is defined
in the same way. The only difference is how to estimate Pr[Y = ¢] and how to take
samples efficiently conditioning on Y = i. First consider estimating Pr[Y = i|. We
can consider the problem as the following bins-and-balls problem: we have m balls
(corresponding to nodes) and i bins (corresponding to components in I';). Each ball
v is thrown to bin C' with probability p,c = > ..o pvs (note that > - p,c = 1). We
want to compute the probability that each of the first and second bins (correspond-

ing to the two split components) contains exactly one ball, and for other bins each
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contains at most one ball. Consider the following ¢ x i (i > m) matrix M with

PoC = D gec Pus, for v € [m] and C' € [i];

M,c = . It is not difficult to see that

1, otherwise

Per(M) =Y " [[ Muow)

o€S; v

the permanent

is exactly the probability that each bin contains at most one ball. To enforce each of
the first two bins contains exactly one ball, simply consider the Laplace expansion of

Per(M), expanded along the first two columns, and retain those relevant terms:

PrlY =il = > Y MuMpPer(My))
keln] j€ln] j#k
where My, is M with the 1st and 2nd columns and kth and jth rows removed. Then,
we can use the celebrated result for approximating permanent by Jerrum, Sinclair,
and Vigoda [?] to get an FPRAS for approximating Pr[Y" = i]. In fact, the algorithm
in [?] provides a fully polynomial time approximate sampler for perfect matchings 2.
This can be easily translated to an efficient sampler conditioning on Y = i 3. Finally,
we remark that the above algorithm can be easily modified to handle the case with

both existential and locational uncertainty model.

Theorem 106. There is an FPRAS for estimating the expected distance between the

closest pair of nodes in both existential and locational uncertainty models.

kth Closest Pair. In addition, we consider the problem of the expected distance
E[kC] between the kth closest pair under the existential uncertainty model. We use
the HPF technique, and construct an efficient sampler via a dynamic programming.

The details can be found in Section 6.8.1.

2The approximate sampler can return in poly-time a permutation o € S; with probability (1 &

6) Hs Mso’(s) /Per(M)
3We can also use the generic reduction by Jerrum, Valiant and Vazirani [68] which can turn an
FPRAS into a poly-time approximate sampler for self-reducible relations.
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6.2 k-Clustering

In this section, we study the k-clustering problem in the existential uncertainty model.
According to [74], the optimal objective value for k-clustering is the (k — 1)th most
expensive edge of the minimum spanning tree. We consider estimating E[kCL] under
the existential uncertainty model.

Denote the point set P = {s1,...,s,}, where each point s; € P is present with
probability p;. We construct the HPF W(P). Let the random variable Y be the
largest integer ¢ such that at most £k —1 components in I'; contain at least one present
point. Let I = T'; \ v;. Note that if Y = ¢ then at most k — 2 components in T,
contain present points while the special component v; contains at least two present
points, since both component p;, ; and p7, ; contain at least one present point. By

the property P1 and P2 of HPF, we have the following lemma.

Lemma 107. Conditioning on'Y =i, it holds that d(e;) < kCL < nd(e;) (hence, kCL
is poly-bounded)..

Proof. Since I';11 contains at least k nonempty components, any spanning tree must
have at least kK — 1 inter-component edges. Any inter-component edge is of length
at least d(e;), so is the (k — 1)th expensive edge. Now we show the other direction.
Assume w.l.o.g. that all pairwise distances are distinct. Consider a realization satis-
fying Y = i and the graphical matroid which consists of all forests of the realization.
Suppose kCL = d(e) for some edge e. Let E. be all edges with length no larger
than e in this realization. We can see that rank(E.) = n — k + 1 where rank is the
matroid rank function and n the number of present points in the realization. Hence,
any spanning tree contains no more than n — k + 1 edges from FE.. Equivalently, the
(k—1)th most expensive edge of any spanning tree is no smaller than kCL. Moreover,
since I'; has no more than k£ — 1 nonempty components, there exists a spanning tree
such that the (k — 1)th most expensive edge is an intra-component edge in I';. The

lemma follows from P1.
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Consider the following expansion E[kCL] = 377" Pr[Y = {]JE[kCL | Y = i]. Recall
that for a component C' C P, we use C(j) to denote the event that exactly j points
in C are present, C'(s) the event that only s is present in C' and C(< j) (C(> j)) the
event that at most (at least) than j points in C' are present. For a partition I on P,
we use I'(j,> 1) to denote the event that exactly j components in I' contain at least

one present point. Note that
Pr[Y = i] = Prly,, (> 1)] - Prlul,, (> 1)] - Pr[Tj(k — 2, > 1))

Note that Pr[u;,,(> 1)] and Pr[u;, (> 1)] can be easily computed in polynomial
time. The remaining task is to show how to compute Pr[I",(k — 2, > 1)] and how to

estimate E[kCL | Y = 4]. We first present a simple lemma which is useful later.

Lemma 108. For a component C' and j € Z, we can compute Pr[C(j)] (or Pr[C(>
1) in polynomial time. Moreover, there exists a poly-time sampler to sample present

points from C conditioning on C(j) (or C{(> j)).

Proof. The idea is essentially from [38]. W.l.o.g, we assume that the points in C are
S1,...,5,. We denote the event that among the first a points, exactly b points are
present by E|a,b] and denote the probability of E[a,b] by Pr[a,b]. Note that our goal

is to compute Pr[n, j|, which can be solved by the following dynamic program:

L. Ifa < b, Prla,b] = 0. If a =0, Prla,b] = [[,c,m- If b =0, Pr[a,b] =
nglga(l — 1)

2. Fora >band b > 1, Prfa,b] = p,Prla —1,b— 1] + (1 — p,)Pr[a — 1, b].

We can also use this dynamic program to construct an efficient sampler. Consider the
point s,. With probability p,Pr[n —1,j — 1]/Pr[n, j|, we make it present and then
recursively consider the point s,_; conditioning on the event E[n — 1,5 — 1]. With
probability (1 — p,)Pr[n — 1, j]/Pr[n, j], we discard it and then recursively sample
conditioning on the event E[n — 1,j]. Pr[C(> j)] can be handled in the same way

and we omit the details. O]
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Computing Pr[I",(k — 2,> 1)]. Now, it is ready to show how to compute Pr[I";(k —
2,> 1)] in polynomial time. Note that for each component C; € I';, we can easily
compute ¢; = Pr[C;(> 1)] in polynomial time. Since all components in I'; are disjoint,
using Lemma 108 (consider each component C; in I} as a point with existential
probability ¢;), we can compute Pr[I"j(k — 2,> 1)].

To take samples conditioning on Y = i, we first sample & — 2 components in I
which contain present points. Then for these k& — 2 components and p, ,, @i,
we independently sample present points in each component using Lemma 108. By
Lemma 107, for estimating E[kCL | Y = i], we need to take O(% Inn) independent

samples. So we take O(Z—; In n) independent samples in total.

Theorem 109. There is an FPRAS for estimating the expected length of k-th expen-

siwe edge in the minimum spanning tree in the existential uncertainty model.

6.3 Minimum Spanning Trees

We consider the problem of estimating the expected size of minimum spanning tree
in the locational uncertainty model. In this section, we briefly sketch how to solve it
using our stoch-core method. Recall that the term nodes refers to the vertices )V of
the spanning tree and points describes the locations in P. For ease of exposition, we
assume that for each point, there is only one node that may realize at this point.
Recall that we use the notation v F s to denote the event that node v is present
at point s. Let p,s = Pr[v E s]. Since node v is realized with certainty, we have
> sep Pvs = 1. For each point s € P, we let p(s) denote the probability that point s
is present. For a set H of points, let p(H) = > __,; p(s), i.e., the expected number
of points present in H. For a set H of points and a set S of nodes, we use H(S)
to denote the event that all and only nodes in S are realized to some points in H.
If S only contains one node, say v, we use the notation H(v) as the shorthand for
H({v}). Let H(i) denote the event \/, 5 _; H(S), i.e., the event that exactly i nodes
are in H. We use diam(H ), called the diameter of H, to denote max, cp d(s,t). Let

d(p, H) be the closest distance between point p and any point in H.
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Finding stoch-core Firstly, we find in poly-time the stoch-core H as follows:

Algorithm 4 Constructing stoch-core H for Estimating E[M ST

1 Among all points 7 with p(r) > 1=, find the furthest two points s and ¢.
2 Set H <« B(s,d(s,t)) ={s' € P| d(s s) < d(s,t)}.

Lemma 110. Algorithm 4 finds a stoch-core H such that
Q1. p(H) >m — 5 =m—O(e)
Q2. E[MST | H{(m)] = Q(diam(H);Ti).

Furthermore, the algorithm runs in linear time.

Proof. For each point r that is not in H, we know p(r) < 1z-. Therefore, we have

that and p(P \ H) < 5. and p(H) > m — 5. Consider two cases:

1. Points s and ¢ relate to different nodes. In this case, we have that

E[MST | H<m>] > d(S,t)PI‘[El(U,U), v 7& u,v F Su F t] = d(87 t)p(S)p(t) > d(‘%ﬂm
n
2. Points s and t relate to the same node v. In this case, conditioning on the event
that a different node u is realized to an arbitrary point ¢, E[MST | H(m)] >

d(s,q)Prlv F s] +d(t,q)Prlv F t] > d(s, 1)1

In either case, H satisfies both Q1 and Q2.
O

Estimating E[MST] Let F = P \ H. We rewrite E[MST] by .., E[MST | F(i)] -
Pr[F(i)]. We only need to estimate E[MST | F(0)] - Pr[F(0)] and E[MST | F(1)] -
Pr[F(1)].

Lemma 111. Algorithm 5 produces a (1 & ¢)-estimate for the first term with high
probability.
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Algorithm 5 Estimating E[MST | F(0) | - Pr[F(0)]

1 Take Ny = O(”"”E—ff2 In m) random samples. Set A < ) at the beginning.
2 For each sample G, if it satisfies F(0), A < AU {G,}.
3 To + 7 2cea MST(G)).

Proof. Based on the event F(0), the length of MST is at most m - diam(H). Due
to (Q2), we have a poly-bounded random variable and can therefore obtain a (1 +

e)-estimate for E[MST | H(m) | using the Monte Carlo method with O(”Z’Z2 Inm)

samples satisfying H(m) (by Lemma 14). By the first property of H, with probability
close to 1, a sample satisfies H(m). So, the expected time to obtain an useful sample
is bounded by a constant. Overall, we can obtain a (1 &+ €)-estimate of the first term

with using Ny = O(ma—tf In m) samples with high probability. O

Algorithm 6 Estimating E[MST | F(1) | - Pr[F(1)]

1 Set B + {s|s € F,d(s,H) <2 -diam(H)}. Let Cl(v) be the event that v is the
only node that is realized to some point s € B.

2 Conditioning on Cl(v), take Ny = O(”Z—Q2 In m) independent samples.

Let A, < {G,,; |1 <i < N;} be the set of Ny samples for Cl(v).

37T, + N% > G, .ea, MST(Gy;)  (estimating E[MST | Cl(v)])

4Ty <> oy <Pr[C|(v)]Tv + 2 sem g PrF(v) Av E 8] d(s,H)).

Lemma 112. Algorithm 6 produces a (1 =+ €)-estimate for the second term with high
probability.

Analysis Note that the number of samples is asymptotically dominated by estimating

E[MST | F(1)] - Pr[F(1)]. For each node v € V, we take N; independent samples.

Thus, we need to take 0(7”:5"2 In m) independent samples. Now, we analyze the
performance guarantee of our algorithm. We need to show that the total contribution
from the scenarios where more than one node are not in the stoch-core is very small.
We need some notations first. Suppose S is the set of nodes realized out of stoch-core

H. We use Fg to denote the set of all possible realizations of all nodes in .S to points

in F (we can think of each element in Fg as an |S|-dimensional vector where each
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coordinate is indexed by a node in S and its value is a point in F). Similarly, we
denote the set of realizations of S = V' \ S to points in H by Hg. For any Fg € Fg
and Hg € Hg, we use (Fs, Hg) to denote the event that both Fs and Hg happen and
MST(Fs, Hg) to denote the length of the minimum spanning tree under the realization

(Fs, Hg). We need the following combinatorial fact.

Lemma 113. Consider a particular realization (Fs, Hg), where S is the set of nodes
realized out of H. [S| > 2. Let d = d(vs, us) = min,cg,ec5{d(u,v)} where vg € Fg,
us € Hg. The realization (Fg, Hg) is obtained from (Fs, Hg) by sending the node vg
to H, where 8" = S\ vg. Then MST(Fg, Hg) < AMST(Fs, Hg/).

Proof. We have
AMST(Fs/, Hg) > 2MST(Fg, Hg/) + 2d > MST(Fs, Hg) 4+ 2d > MST(Fg, Hg)

The second inequality holds since the length of the minimum spanning tree is at most
two times the length of the minimum Steiner tree (We consider MST(Fs/, Hg) as a

Steiner tree connecting all nodes in Fgr U Hg).

]

The only remaining part for establishing Theorem 115 is to show the following

essential lemma.

Lemma 114. For any € > 0, if H satisfies the properties in Lemma 110, we have
that

ZE[MST | F(i)] - Pr[F(i)] <e-E[MST |F(1)] - Pr[F(1)].

i>1
Proof. We clai>m that for any ¢ > 1, E[MST | F(i 4+ 1)] - Pr[F(i + 1)] < SE[MST |
F(:)]-Pr[F(:)]. If the claim is true, then we can show the lemma easily by noticing that,
for any m > 2, Y., E[MST | F(@)]Pr[F(i)] < S ' (5)'E[MST | F(1)]Pr[F(1)] <
eE[MST | F(1)]Pr[F(1)]. Now, we prove the claim. First, we rewrite the LHS as

follows:

E[MST |F(i+1)]-Pr[FGi+ 1)) = Y > Y (Pr[(Fs, Hg) - MST(Fs, Hg)),

|S|=i+1 FgeFg HgeHg
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Similarly, the RHS can be written as:

E[MST | F(i)] => > > (Pr[(Fs,Hg)]-MST(Fy, Hz)).
|S'|=i Fg/€F s Hg €Hg

For each pair (Fs, Hg), let C(Fs, Hg) = Pr[Fs, Hg] - MST(Fg, Hg). Consider each
pair (Fs, Hg) with |[S| =4+ 1 as a seller and each pair (Fg, Hg/) with |S’| =i as a
buyer. The seller (Fgs, Hg) wants to sell the term C(Fg, Hg) and the buyers want to
buy all this term. The buyer (Fs/, Hg) has a budget of C(Fs/, Hg). We show that
there is a charging scheme such that each term C'(Fs, Hg) is fully paid by the buyers
and each buyer spends at most an § fraction of her budget. Note that the existence
of such a charging scheme suffices to prove the claim.

Suppose we are selling the term C(Fs, Hg). Consider the following charging
scheme. Suppose v € S is the node closest to any node in S. Let S’ = S\ {v}
and Fg be the restriction of Fg to all coordinates in S except v. We say (Fs/, Hg)
is consistent with (Fs, Hg), denoted as (Fg, Hg') ~ (Fs, Hg), if Hg agrees with Hg
for all vertices in S. and Fg agrees with Fg for all vertices in S\ {v}. Intuitively,
(Fs/, Hg) can be obtained from (Fs, Hg) by sending v to an arbitrary point in H.
Let

Z(Fs, Hg) = > Pr((Fs, Hg/)].

(Fgr,Hgr)~(Fs,Hg)

We need the following inequality later: For any fixed (Fs/, Hg/),

IN

Z Pr[Fs, Hg| < Pr(v e IF)

£
Z(Fs,Hg) ~ ~ Pr(v € H) 8

(Fs,Hg)~(Fgr,Hgr)

To see the inequality, for a fixed node v, consider the quantity

Pr[Fs, Hy)
2 Z(Fi Hg)'

(FSvHS)N(FS’7H5")75’:5”\{”}

A crucial observation here is that the denominators of all terms are in fact the same,

by the definition of Z, which is ) Pr[(Fg, Hg,)], and the summation is over all
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(Fg, Hg,)s which are the same as (Fsr, Hg/) except that the location of v is a different
point in H. The numerator is the summation over all (Fs, Hg)s which are the same
as (Fs/, Hg) except that the location of v is a different point in F. Canceling out the

same multiplicative terms from the numerators and the denominator, we can see it is

Pr(veF)

at most Pr(ocH) "

Now, we specify how to charge each buyer. For each buyer (Fs/, Hg/) ~ (Fs, Hg),

we charge her the following amount of money

Pr[(Fs, Hg)] - C(Fs, Hg)
Z(Fs, Hg)

We can see that C'(Fs, Hg) is fully paid by all buyers consistent with (Fg, Hg). It
remains to show that each buyer (Fs, Hg/) has been charged at most 5C(Fs, Hg/). By
the above charging scheme, the terms (Fg, Hg)s in LHS that charge buyer (Fy, Hg/)
are consistent with (Fg, Hg). Now, we can see that the total amount of money

charged to buyer (Fg, Hg) can be bounded as follows:

Pr[Fy, Hg] - Pr[(Fs, Hs)]

> Drif, Hy ] CUFs Hs) _ ymst(pg, )

Z(Fs, Hg Z(Fs, Hg
(Fs,Hg)Na(FS/,Hg/) ( ek S) (FsaHS’)N(FS/vHS‘/) ( o S)
Pr[Fs, Hg]
=4MST(Fs/, Hg )Pr|Fs/, Hg/| - E _—
( S5 S) I'[ S’y S] Z(FSaHS‘)

(Fs,Hg)~(Fgs,Hgr)

S MST(FS/, Hgv)Pl"[Fgl, HS‘/]

DO ™

The first inequality follows from Lemma 113. This completes the proof.
O]

Theorem 115. There is an FPRAS for estimating the expected length of the mini-

mum spanning tree in the locational uncertainty model.

Finally, we remark that the problem can be solved by a variety of methods. The
stoch-core method presented in this section is not the simplest one, but may be still
helpful for understanding a very similar but somewhat more technical application of

the method to minimum perfect matching (see Section 6.4).
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6.4 Minimum Perfect Matchings

In this section, we consider the minimum perfect matching (PM) problem. We use
the stoch-core method. The same stoch-core construction for MST can not be directly
used here since PM can be much smaller than MST. For example, suppose there are
only two points. There are even number of nodes residing at each point. In this case,
PM is 0. Now, if we change the location of one particular node to the other point, the
value of PM increase dramatically while the value of MST stays the same. In some
sense, PM is more sensitive to the location of nodes, hence requires new stoch-core
construction. There are two major differences from the algorithm for MST. First, the
stoch-core is composed by several clusters of points, instead of a single ball. Second,

we need a more careful charging argument.

Finding stoch-core. First, we show how to find in poly-time the stoch-core H.
Initially, H consists of all singleton points, each being a component by itself. Then,
we gradually grow the ball from each point, and merge two components if they touch.
We stop until certain properties Q1 and Q2 are satisfied. See the Pseudo-code in
Algorithm 7 for details. For a node v and a set H of points, we let p,(H) = >___j Dus-

We use diam(H), called the diameter of H, to denote max; yepnp d(s, s').

Algorithm 7 Constructing stoch-core H for Estimating E[PM]

1 Initially, ¢ <- 0 and each point s € P is a component Hyy = B(s,t) by itself.

2 Gradually increase t. If two different components Hg, and Hg, intersect (where
Hg := UsesB(s, 1)), merge them into a new component Hg, s, .

3 Stop increasing ¢ while the first time the following two conditions are satisfied by
components at t. *

Q1. For each node v, there is a unique component Hj such that p,(H;) > 1-0(-53).
We call H; the stoch-core of node v, denoted as H(v).

Q2. For all j, [{v €V |H(v) = H,}| is even.

4 Output the stopping time T" and the components Hy, ..., Hy.

We need the following lemma which is useful for bounding E[PM] from below.

4Note that we only need to consider those t = d(s, s’)/2 for some points s,s’ € P. Thus, we
compute on at most O(n?) different time ts.
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Lemma 116. For any two disjoint sets Hy and Hy of points, and any node v, we

have

E[PM] > min{pv(Hl)apv(HQ)} -d(Hy, Ha)/n.
Here, d(Hy, Hy) = minge g, np s cnp (s, s).

Proof. Suppose s = argmaxg{p,s | § € Hi}, and s = argmaxs{p,s | § € Ha}.
Obviously, we have p,s > Iw and p,y > polHa) g4 it suffices to show E[PM] >

n

min{pys, Pus' } - A(s,t). We first see that

E[PM] > p,,E[PM | v E 5] + p,s E[PM | v E &]

> min{pvs,pvsx}<E[PM |vE 5]+ EPM |vE s']>.

Then it is sufficient to prove that E[PM | v E s] + E[PM | v E §'] > d(s,s’). Fix a
realization of all nodes except v. Conditioning on this realization, we consider the
following two minimum perfect matchings, one for the case v F s, (denoted as PMy)

and the other one for v F s’ (denoted as PMy). Consider the symmetric difference
PMl D PMQ = (PM1 \ PMQ) U (PMQ \ PMl)

We can see that it is a path (s,p1,p2, ..., Pk, §'), such that (s,p1) € PMy,(p1,ps) €
PMs, ..., (pk,s’) € PMa. So PM; + PMy > d(s, s’) by the triangle inequality. There-
fore, we have E[PM | v E s] + E[PM | v E §'| > d(s,s’) > d(H;, Hs). O

By Q1, Q2 and the above lemma, we can show that the following additional
property holds.

Lemma 117. Q3. E[PM] = Q(=5) where D = max;{diam(H,)}.

nb

Proof. Note that the stopping time 7" must exist, because the set of all points satisfies
the first two properties. Now, we show that Q3 also holds. Firstly, note that D <
2mT'. Secondly, consider 7" = T —¢ for some infinitesimal € > 0. At time 7", consider

two situations:
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1. There exists a node v, such that V5, p,(H;) < 1—0O(==3). Then there must exist

mn3

two components C; and Cy such that p,(Cy) > Q(==3) and p,(C2) > Q(=3).

mn3 mn3

Moreover, since C and Cy are two distinct components, d(Cy, Cy) > 27", Then,
by Lemma 116, we have E[PM] > Q(-5;) - 2T > Q(=2;).

mn# mn®

2. Suppose that Q1 is true but Q2 is still false. Suppose Hj is a component which

homes odd number of nodes. Note that with probability at least (1——L3)™ ~ 1,
each node is realized to a point in its stoch-core. When this is the case, there is
at least one node in H; that needs to be matched with some node outside Hj,

which incurs a cost of at least 27.

]

Estimating E[PM]. We use H(m) to denote the event that for each node v, v F H(v).
We denote the event that there are exactly ¢ nodes which are realized out of their
stoch-cores by F(i). Again, we only need to estimate two terms: E[PM | F(0)]] -
Pr[F(0)] and E[PM | F(1)] - Pr[F(1)]. Using Properties Q1l, Q2 and Q3, we can
estimate these terms in polynomial time. Our final estimation is simply the sum of

the first two terms.

Algorithm 8 Estimating E[PM | F(0) | - Pr[F(0)]
2n5

1 Take N; = O(™- Inm) independent samples. Set A < () at the beginning.
2 For each sample G, if it satisfies H(m), A <~ AU {G,}.

Ty < NLl ZGieA PM(GZ)

Lemma 118. Algorithm 6.4 produces a (1 %+ €)-estimate for the first term with high

probability.

Proof. Note that Pr[H(m)] is close to 1 (by union bound) and can be computed exact-

ly. To estimate E[PM | H(m)]], the algorithm takes the average of N; = O(Z2r

4

Inm)
samples. Note that conditioning on H(m), the minimum perfect matching could be

at most mD. We distinguish the following two cases.
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1. E[PM | H(m)] > SE[PM]| = Q(Z2). We can get a (1 £ )-approximation

mn®

2p5

using the Monte Carlo method with O(™Z-Inm) samples. Therefore PM is

poly-bounded conditioning on H(n).

2. E[PM | H(m)] < $E[PM]. Then the probability that the sample average is
larger than eE[PM] is at most poly(2) by Chernoff Bound. We can thus ignore

m

this part safely.

Algorithm 9 Estimating E[PM | F(1) ]| - Pr[F(1)]

1 For cach node v, set B, < {s | s € P\ H(v),d(s,H(v)) < 22 Let Cl(v) be the
event that v is the only node that is realized to some point s € B,,.

2 Conditioning on Cl(v), take N; = O("ffS In m) independent samples. Let
A, « {G,; |1 <i< Ny} be the set of Ny samples for Cl(v).
37T, N% ZGv,ieAv PM(G,;) (estimating E[PM | Cl(v)])

AT Zv€V<Pr[CI(v)]Tv + 3 s, PrF(0) Av E s]d(s, H(v)) )

Lemma 119. Algorithm 6.4 produces a (1+¢)-estimate for the second term with high
probability.

Analysis Note that the number of samples is asymptotically dominated by estimating

E[PM | F(1) |-Pr[F(1)]. For each node v € V, we take N; independent samples. Thus,

we need to take O(mjfs In m) independent samples in total.

We still need to show that for i > 1, the contribution from event [F(7) is negligible.
Suppose S is the set of nodes that are realized out of their stoch-cores. We use Fg
and Hg to denote the set of all realizations of the all nodes in S to points out of
their stoch-cores, and the set of realizations of S = V \ S to points in their stoch-
cores respectively. We use PM(Fg, Hg) to denote the length of the minimum perfect
matching under the realization (Fs, Hg), where Fis € Fg and Hg € Hg. The following
combinatorial fact plays the same role in the charging argument as Lemma 113 does

in the previous section. Differing from the MST problem, we can not achieve a similar

bound as the one in Lemma 113 since PM(Fs, Hg) may decrease significantly if we
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send only one node outside its stoch-core back to its stoch-core. However, we show
that in such case, if we send one more node back to its stoch-core, PM(Fg, Hg) can
still be bounded.

We need the following structural result about minimum perfect matchings, which

is essential for our charging argument.

Lemma 120. Fiz a realization (Fs, Hg). We use £(v) to denote d(v,H(v)) for all
nodes v € S. Suppose vy € S has the smallest { value and vy has the second smallest ¢
value. Let S" = S\{v1}, 8" = S'\{wva}. Furtherlet (Fs,Hg) be a realization obtained
from (Fs, Hg) by sending vy to a point in its stoch-core H(vy) and (Fgn, Hgn) be a
realization obtained from (Fs, Hg/) by sending vy to a point in its stoch-core H(vs).

Then we have that PM(Fg, Hg) < 2(n + 2)PM(Fs, Hg/) + 2(n + 2)PM(Fs», Hgn)

Proof. Let d = min, {(v) and D = max; diam(H;). Note that d > £ as d > 2T and
D < 2nT. We distinguish the following three cases:

1. PM(Fs, Hg) < %. Using a similar argument to the one in Lemma 116, we have
PM(Fs, Hg) + PM(Fs, Hg) > ((v) =d

So, we have PM(Fs, Hg) < PM(Fg/, Hg/) in this case.

2. PM(Fs, Hg) > (n+ 2)d. By the triangle inequality, we can see that
PM(Fg,Hg)) + (n+1)d > PM(Fs, Hg) + d+ D > PM(Fs, Hg)
So, we have PM(Fs, Hg) < (n+ 2)PM(Fs, Hg).
3. $ <PM(Fs, Hg) < (n+2)d.

(a) PM(Fs, Hg) > §. We directly have PM(Fs, Hg) < 2(n + 2)PM(Fs/, Hg).

[JfeN

(b) PM(Fs,Hg) <

. By Lemma 116, we have

[SJfe

PM(FS/,Hgl) + PM(FS//, ng) >d
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Then we have PM(Fs, Hg) < 2(n + 2)PM(Fs», Hgn).
In summary, we prove the lemma. O]

The remaining is to establish the following key lemma. The proof is similar to,

but more involved than that of Lemma 114.

Lemma 121. For any ¢ > 0, if H satisfies the properties Q1, Q2 in Algorithm 7, we
have that

ZE[PM | F(i)] - Pr[F(i)] < e-E[PM | F(0)] - Pr[F(0)] + & - E[PM | F(1)] - Pr[F(1)].

1>1

Proof. We claim that for any ¢ > 1,

E[PM | F(i+1)]-Pr[F(i+1)] < = (E[PM | F(i)]-Pr[F(i)] +E[PM | F(i—1)]-Pr[F(i—1)])

S ™

If the claim is true, the lemma can be proven easily as follows. For ease of notation,

we use A(i) to denote E[PM | F(i)] - Pr[F(i)]. First, we can see that

AG+2) + Al +1) < SAG+1) + 26—5,4@') + %A(z‘ — 1) < S(A@) + AG — 1))

M
N ™

So if i is odd, A(i +2) + A(i + 1) < (£)F*V/2(A(1) + A(0)). Therefore, 3, A(i) <
15/52/2@4(1) + A(0)) < e(A(1) + A(0)). Now, we prove the claim. Again, we rewrite

the LHS as

E[PM | F(i +1)] - Pr[F(i + 1)] = Y ZZ(Pr[Fs,Hg] : PM(FS,H5)>.

Similarly, we have the RHS to be

E[PM | F(i)] -y ZZ(Pr Fo, Hg] - PM(Fs/, HS,)> and

|S'|=i Fss Hg

E[PM | F(i — 1)]-Pr[F(i — 1)) = 3 ZZ(Pran,H,, PM(FS//,H/,))

|SH|_1 lF " HS”
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Let C(Fs, Hg) = Pr[Fs, Hg]-PM(Fs, Hg). Consider all (Fs, Hg) with |S'| = i and all
(Fsn, Hgy) with |S”| = i —1 as buyers. The buyers want to buy all terms in LHS. The
budget of buyer (Fs/, Hg)/(Fgn, Hgn) is C(Fs, Hg)/C(Fsr, Hgr). We show there is
a charging scheme such that each term C(Fgs, Hg) is fully paid by the buyers and
each buyer spends at most an § fraction of her budget.

Suppose we are selling the term C(Fs, Hg). Consider the following charging
scheme. Suppose v; € S the node that is realized to point s; € P \ H(v;) which
is the closest point to its stoch-core in Fg. Suppose v, € S the node that is realized
to point sy € P\ H(vy) which is the second closest point to its stoch-core in Fg. Let
S'=S\{wn}, 8" =5\ {ve}. If (Fs, Hy) is obtained from (Fg, Hg) by sending v; to
a point in its stoch-core H(v, ), we say (Fs/, Hg ) is consistent with (Fg, Hg), denoted
as (Fs/,Hg)) ~ (Fg, Hg). If (Fs», Hgy) is obtained from (Fs/, Hg) by sending vy to a
point in its stoch-core H(vy), we say (Fs», Hgn) is consistent with (Fg, Hg), denoted

as (Fs/,Hg/) ~ (FS,Hg). Let

Z(Fs,Hg) = > Pr[(Fs, Hg)], and

(Fgr,Hgr)~(Fs,Hg)

Z(Fy,Hg) = > Pr[Fgi, Hgi]

(Fgr,Hgn)~(Fgr,Hgr)
Now, we claim that for any fixed (Fs», Hgn),

Z Pr[Fs, Hg| < Pr[v ¢ H(v)]

Z(Fs,Hg) — Pr[v € H(v)]

(Fgr,Hgr)~(Fgn,Hgn) veS!

The proof of the claim is essentially the same as in Lemma 114. We first observe
that for a fixed node v = 5"\ S”, the denominators of all terms are in fact the same
by the definition of Z. Then, the proof can be completed by canceling out the same
multiplicative terms from the numerators and the denominator.

Now, we specify how to charge each buyer. For each buyer (Fg, Hg) ~ (Fg, Hg),
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we charge (Fg/, Hg/) the following amount of money

PI"[FSI, Hg/]

2(n +2)Pr[Fs, Hg]PM(Fs/, Hy/) - Z(Fs,Hg) '

and we charge each buyer (Fg», Hgn) consistent with (Fs/, Hg ) the following amount
of money

PI’[FS, Hg] PI'[FS/, HS,,]
Z(FS7H5') Z(FSUHS’).

2(n + 2)PI‘[F§, HS//]PM(FS/I, Hsv//) .

In this case, we call (Fs», Hgn) a sub-buyer of the term C(Fs, Hg). By Lemma 120, we
can see that A(Fg, Hg) is fully paid. To prove the claim, it suffices to show that each
buyer (Fg, Hg/) and each sub-buyer (F», Hgn) has been charged at most ¢ A(Fs/, Hg)
dollars. By the above charging scheme, the terms in LHS that are charged to buyer
(Fs/, Hg) are consistent with (Fg/, Hg). Using the same argument as in Lemma 114,
we can show that the spending of (Fg, Hg/) as a buyer is at most

- . PM(FS’7H§’) . PI"[F5’7HS’]'

nm

For notational convenience, we let B = 2(n + 2)PM(Fs», Hgn)Pr[Fs», Hgs]. The

spending of (Fs», Hgs) as a sub-buyer can be bounded as follows:

PI'[FS,HSW] PI'[FS/7H§/]
P> 2 ( Z(Fs,Hs) Z(Fs, Hy)
(Fgr,Hg1)~(Fgn,Hgn) (Fs,Hg)~(Fg,Hgr)
SB Z PT[FS/,HSV]
_ _ _ _ Z(FS’aHS”)
(Fgr,Hgr)~(Fgn,Hgn) (Fs,Hg)~(Fgr,Hgr)
PF[FSI,Hg/]
= 2 Z(Fg, Hg)

(Fgr, HS’) (FS” HS”)
<B-
e Z Pr [v E H

S PM(FS//,HS‘//) 'PI[FS//,HSV/]

CTJIFF)

In the first inequality, we use the fact that 1;?[%5;] < 1. Note that for each (Fs, Hg/),
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there are at most mn different (Fg, Hg) such that (Fs, Hg) ~ (Fg, Hg). So we have
the second inequality. This completes the proof of the lemma.

O

Theorem 122. Assuming the locational uncertainty model and that the number of
nodes is even, there is an FPRAS for estimating the expected length of the minimum

perfect matching.

Remark. We have also tried to use the HPF method for this problem. The problem
can be essentially reduced to the following bins-and-balls problem: Again each ball
is thrown to the bins with nonuniform probabilities and we want to estimate the
probability that each bin contains even number of balls. To the best of our knowledge,
the problem is not studied before. The structure of the problem is somewhat similar
to the permanent problem. We attempted to use the MCMC technique developed
in [67], but the details become overly messy and we have not been able to provide a

complete proof.

6.5 Minimum Cycle Covers

In this section, we consider the expected length of minimum cycle cover problem. In
the deterministic version of the cycle cover problem, we are asked to find a collection
of node-disjoint cycles such that each node is in one cycle and the total length is
minimized. Here we assume that each cycle contains at least two nodes. If a cycle
contains exactly two nodes, the length of the cycle is two times the distance between
these two nodes. The problem can be solved in polynomial time by reducing the
problem to a minimum bipartite perfect matching problem. ® W.l.o.g., we assume
that no two edges in P x P have the same length. For ease of exposition, we assume

that for each point, there is only one node that may realize at this point. In principle,

°If we require each cycle consist at least three nodes, the problem is still poly-time solvable by
a reduction to minimum perfect matching by Tutte [103]. Hartvigsen [63] obtained a polynomial
time algorithm for minimum cycle cover with each cycle having at least 4 nodes Cornuéjols and
Pulleyblank [32] have reported that Papadimitriou showed the NP-completeness of minimum cycle
cover with each cycle having at least 6 nodes.
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if more than one nodes may realize at the same point, we can create multiple copies
of the point co-located at the same place, and impose a distinct infinitesimal distance
between each pair of copies, to ensure that no two edges have the same distance.
We need the notion of the nearest neighbor graph, denoted by NN. For an undi-
rected graph, an edge e = (u,v) is in the nearest neighbor graph if u is the nearest
neighbor of v, or vice versa. We also use NN to denote its length. E[NN] can be
computed exactly in polynomial time [71]. As a warmup, we first show that E[NN]

is a 2-approximation of E[CC]| in the following lemma.
Lemma 123. E[NN] < E[CC] < 2E[NN].

Proof. We show that NN < CC < 2NN satisfies for each possible realization. We prove

the first inequality. For each node u, there are two edges incident on u. Suppose they

are e,; and e,s. We have CC = z“(d(eulg t+d(eu2)) > NN. The second inequality can be

seen by doubling all edges in NN and the triangle inequality. O]

We denote the longest edge in NN (and also its length) by L. Note that L is also
a random variable. By the law of total expectation, we estimate E[CC] based on the

following formula:

E[CC]= Y PrlL=¢]-E[CC|L=¢]

It is obvious to see that % < L < NN. Combined with Lemma 123, we have that
d(e) <E[CC|L=r¢] <2md(e). (6.1)

However, it is not clear to us how to estimate Pr[L = e] and how to take samples
conditioning on event L = e efficiently. To circumvent the difficulty, we consider some
simpler events. Consider a particular edge e = (s,t) € P x P. Denote as N,(t) the
event that the nearest neighbor of s is t. Let Ly be the event the longest edge L in
NN is e = (s,t). Let As(t) = Ns(t) A L. First we rewrite E[CC | L = e] - Pr[L = ¢] by

E[CC|L=¢]-Pr[lL =¢] =E[CC | As(t) V As(s)] - Pr[As(t) V As(s)]
E[CC | A(8)] - Pr{AL(5)] + E[CC | Al(s)] - Pr[Ai(s)]
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CE[CC | Ay(t) A Ay(s)] - PrlA,(£) A Ay(s)]

Now, we show how to estimate E[CC | A4(t)] - Pr[A4(t)] for each edge e = (s,t). The
other two terms can be estimated in the same way. Also notice that the third term
is less than both the first term and the second term. Therefore, for any points s and

t, we have the following fact which is useful later:
E[CC] > E[CC|L=¢]-Pr[lL=¢] > E[CC| A4(t)] - Pr[As(?)]. (6.2)

By the above inequality, we can see that the total error for estimating the three terms

is negligible compared to E[CC | L = ¢] - Pr[L = e]. Moreover, we have that

E[CC ‘ AS(t)] 'Pr[As(t)] = E[CC ’ As(t)] ’ Pr[Lst A Ns(t)]
— E[CC | Au(8)]- Pr{Lu | No(8)] - PH[N, ()]

Suppose v is the node that may be realized to point s and u is the node that may
be realized to point t. We use B as a shorthand notation for B(s,d(s,t)). We first

observe that Pr[N,(t)] can be computed exactly in poly-time as follows:

Pr[Ns(t)] = DPuvs * Put * H (]- - pw(B))
wH#V,U
Also note that we can take samples conditioning on the event N () (the corresponding

probability distribution for node v is: Pr[v E r | N(t)] = %).

Estimating E[CC | A,(t)] - Pr[Lg | Ns(t)]. Next, we show how to estimate E[CC |
As(t)]-Pr[Lg | Ns(t)]. The high level idea is the following. We take samples condition-
ing on N,(t). If Pr[Lg | Ns(t)] is large (i.e., at least 1/poly(nm)), we can get enough
samples satisfying Ly, thus As(t). Therefore, we can get (1 £ €)-approximation for
both Pr[Lg | Ny(t)] and E[CC | As(¢)] in poly-time (we also use the fact that if A4(t)
is true, CC is at least d(s,t) and at most 2md(s,t)). However, if Pr[Lgy | N,(t)] is

small, it is not clear how to obtain a reasonable estimate of this value. In this case,
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we show the contribution of the term to our final answer is extremely small and even
an inaccurate estimation of the term will not affect our answer in any significant way
with high probability.

Now, we elaborate the details. We iterate the following steps for N times (N =

O(m§f4 (Inm + Inn)) suffices). Since there are O(n?) different edges between points,

we totally need O(mjglﬁ (Inm 4+ Inn)) iterations.

e Suppose we are in the ¢th iteration. We take a sample G; of the stochastic
graph conditioning on the event N,(t). We compute the nearest neighbor graph
NN(G;) and the minimum length cycle cover CC(G;). If e = (s,t) is the longest
edge in NN(G;), let I; = 1. Otherwise I; = 0.

Our estimate of E[CC | As(t)] - Pr[Ls | Ns(t)] is the following:

Zfil I; - CC(Gi) Zf\;l I; _ sz\il I; - CC(Gi)
Zi\il I; N N N

It is not hard to see that the expectation of w

Pr[Lg | Ny(t)].

is exactly E[CC | As(t)] -

We distinguish the following two cases:

<. By Lemma 14, 225 € (1 £ 6)Pr[Ly, | N.(t)] with

L. Pr[Ly | Ny(t)] > 5=

high probability. In this case, we have enough successful samples (samples with
N o .

I; = 1) to guarantee that w
i=1"°

with high probability, again by Lemma 14. We note that under the condition

is a (1£e)-approximation of E[ CC | A(t)]

Ag(t), we can get a (1 £ ¢)-approximation since CC is at least d(s,t) and at

most 2nd(s, t).

2. Pr[Ly | Ns(t)] < 55=. Wenote that I; = 0 means that while N, () happens, the
longest edge L in NN is longer than e = (s,t). Suppose € = (s',t') is the edge
with the maximum Pr[Lgy|Ny(t)]. Since Pr[Ly | N(t)] < 554, € = (s/,1)

must be different from e = (s,t) and Pr[Lyy | N(t)] > ZW{f:—"zPr[Lst | Ng(2)].
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Hence, we have that

E[CC [ A1) - PriAs(1)] = E[CC | As(#)] - PrlLy | No(2)] - Pr{Ny(2)]

< 2m-d(s,t) - s - PrlLyw | N(t)] - Pr{N, (1)

€ T

< o2 -d(s',t") - Pr[Lgy | Ng(t)] - Pr[Ns(t)]
€ /

S 2—712 . E[CC ‘ Asl(t )] . Pr[Ls’t’]
9

< —.

< 5 -E[CC]

The first and third inequalities are due to (6.1) and the fourth are due to (6.2).
By Chernoff Bound, we have that

Pr

SNOL-CC(Gy) e e~
= — . < —
N = n? E[CC] n?

Then, with probability at least 1—p01y(%), the contribution from all such edges
is less than ¢E[CC].

Summing up, we have obtained the following theorem.

Theorem 124. There is an FPRAS for estimating the expected length of the min-
imum length cycle cover in both the locational uncertainty model and the existential

uncertainty model.

Finally, we remark that our algorithm also works in presence of both location-
al uncertainty and node uncertainty, i.e., the existence of each node is a Bernoulli
random variable. It is not hard to extend our technique to handle the case where
each cycle is required to contain at least three nodes. This is done by considering
the longest edge in the 2NN graph (each node connects to the nearest and the second
nearest neighbors). The extension is fairly straightforward and we omit the details

here.
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6.6 kth Longest m-Nearest Neighbor

We consider the problem of computing the expected length of the kth longest m-
nearest neighbor (i.e., for each point, find the distance to its m-nearest neighbor, then
compute the kth longest one among these distances) in the existential uncertainty
model. We use kmNN to denote the length of the kth longest m-nearest neighbor.
Similar to k-clustering, we use the HPF W(P) for estimating E[kmNN]. We call
a component a small component if it contains at most m present points. Let the
random variable Y be the largest integer ¢ such that there are at most k — 1 present

points among those small components in I';, We can see that if Y = ¢ then the

special component v; is not a small component, while both p,, and y, ; should not
be empty, and one of y;_ ; and 1, ; must be a small component. Moreover, I'; contains
at most £ — 1 present points among those small components.

We can rewrite E[kmNN] by E[kmNN] = 5" | Pr[Y = ¢JE[kmNN | Y = 7]. By the

Property P1 and P2 of ¥(P), we directly have the following lemma.
Lemma 125. Conditioning on Y =1, it holds that d(e;) < kmNN < nd(e;).

For a partition I' on P, we use ['(#7, < m) to denote the event that there are
exactly j present points among those small components in I'. The remaining task is
to show how to compute Pr[Y = i] and how to estimate E[kmNN | Y = i]. We first

prove the following lemma.

Lemma 126. For a partition I' on P, we can compute Pr[['(#j, < m)| in polynomial
time. Moreover, there exists a polynomial time sampler for sampling present points

in I' conditioning on I'(#j, < m).

Proof. W.l.o.g, we assume that the components in I" are C1, ..., C,,. We denote E|a, b|
the event that among the first a components, exactly b points are present in those
small components. We denote the probability of E|a,b] by Pr[a,b]. Note that our

goal is to compute Pr[n, j]. We have the following dynamic program:

L If 370 e min{m, |G|} < b, Pra,b] = 0. If b =0, Prla,b] = [,/ (Pr[Ci(0)] +
Pr[Cy(> m + 1)]).
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2. For 1 <b <), min{m, |G|}, Prla,b] = >, Pr[Co(l)] - Prla— 1,0 — 1] +
Pr[C.(> m + 1)] - Pr[a — 1,0].

Thus we can compute Pr[n, j] in polynomial time. Similar to Lemma 108, we can

also construct a polynomial uniform sampler.

To prove Theorem 128, we only need the following lemma.

Lemma 127. We can compute Pr|Y = i| in polynomial time. Moreover, there exists

a polynomaial time sampler conditioning on Y = 1.

Proof. By the definition of Y = i, we can rewrite Pr[Y = i as follows:

PrlY =] = ) Pr[u§+1<n1>]-Pr[u2’+1<n2>]-< ) Pr[r;<#z,3m>])

1<ni<mm+1-—-ni<na<m k—n1—no<l<k—1

T ) Pr[u£+1<n1>]-Pr[u2’+1<n2>]-( ) Pr[r;<#z,s7n>]>

m+1<n1<|pj 4 [,1<n2<m k—ny<I<k—1

+ > Pripi 1 (n1)] - Prlpyy (n2)] - ( Y. Prlli#l, < m>]>
1<n1 <m,mt1<na<|ul, || k—ny <I<k-1
Note that we can compute Pr[Y = i] in polynomial time by Lemma 126. Using the
same argument as in Lemma 129, we can construct a polynomial uniform sampler
conditioning on Y = 4. By Lemma 125, we only need to take O(Z Inn) independent
samples for estimating E[kmNN | Y =i]. So we take O(Z—j Inn) independent samples

in total.

]

Theorem 128. There is an FPRAS for estimating the expected length of the kth

longest m-nearest neighbor in the existential uncertainty model.
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6.7 Missing Proofs

6.7.1 Closest Pair

Lemma 101. Steps 1,2,3 in Algorithm 3 provide (1+¢)-approzimations for Pr[F (i) A
C < 1] fori=0,1,2 respectively, with high probability.

Proof. As we just argued, Pr[F(1) A C < 1] can be estimated since I(C < 1),
conditioned on F(0), is poly-bounded. For estimating Pr[F(1) A C < 1], we first
rewrite this term by >  _pPr[F({s;}) A C < 1]. For a point s; € F, note that
Pr[F({s;}) A C < 1] = Pr[F{{s;})] - Pr[C < 1 | F{{s;})]. Since we have that

pi(l — £) < Pr[F({s;})] < p; by the first property of the stoch-core H, we can

n

use p; to estimate Pr[F({s;})]. For estimating Pr[C < 1 | F({s;})], we denote
Bs, = {t € H : d(s;,t) < 1}. If By, is not empty, we can use Monte Carlo for
estimating Pr[C < 1 | F({s;})] since its value is at least 5. Otherwise, computing
Pr[C < 1 | F({s;})] is equivalent to computing Pr[C < 1 | F(0)] in the instance
without s; (since s; is at distance more than 1 from any other point). The proof for

Pr[F(2) A C < 1] is almost the same and we do not repeat it.

6.7.2 Minimum Spanning Tree

Lemma 112. Algorithm 6 produces a (1t ¢)-estimate for the second term with high
probability.

Proof. To compute the second term, we first rewrite it as follows:

E[MST | F(1)] - Pr[F(1)] = Z(Z Pr[F(v) AvE s]E[MST | F(v),v s])

veEY seF

Fix a node v. To estimate ) . Pr[F(v) Av F s]E[MST | F(v),v F s, we consider

the following two situations:

1. Point s € B, ie, d(s, H) < - diam(H).
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We estimate the sum for all s € B. Notice that the sum is in fact Pr[Cl(v)] -
E[MST | Cl(v)]. We can see that Pr[Cl(v)] can be computed exactly in linear
time. We argue that the quality of the estimation taken on N; = O(me—’;2 In m)

samples is sufficient by considering the following two cases:

(a) Assume that E[MST | Cl(v)] > LE[MST | H(m)] > Q(;—i)diam(H). In
this case, we have a poly-bounded random variable. This is because un-
der the condition Cl(v), the maximum possible length of any minimum
spanning tree is O(Zdiam(H)). Hence we can use Monte Carlo to get a

(1 £ ¢)-approximation of E[MST | Cl(v)] with O(””‘E—ﬁ2 Inm) samples.

(b) Otherwise, we assume that E[MST | Cl(v)] < i{E[MST | H(m)]]. Let V;
be the collection of these nodes. The probability that the sample average
is larger than E[MST | H(m)]] is at most poly(--) by Chernoff Bound.
The probability that for all nodes v € V;, the sample average are at most
E[MST | H(m)]] is at least 1 — poly(--) by union bound. If this is the case,
we can see their total contribution to the final estimation of E[MST] is less

than eE[MST | H(m)||Pr[H(m)]. In fact, this is because

> Pr[Cl(v)] - T, < Y Pr[Cl(v)] - E[MST | H(m)] < cE[MST | H(m)|Pr[H(m)].
veVD veVD

The second inequality is due to the fact that } . Pr[Cl(v)] < m—p(H) <

£/16 < ePr[H(m)].

2. Point s € F\ B, each term has d(s, H) > = - diam(H).
We just use d(s,H) as the estimation of E[MST | F(v),v F s]. This is because
the length of MST is always at least d(s, H) and at most d(s, H)+m-diam(H) <
(1 +e)d(s,H).
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6.7.3 Minimum Perfect Matching

Lemma 119. Algorithm 6.4 produces a (1 + ¢)-estimate for the second term with
high probability.

Proof. To compute the second term, we first rewrite it as follows:

E[PM | F(1)] - Z(ZPr ) AvE s] [PM]F(@,m:s]).

veEV  s¢H(v

Fix a particular node v. To estimate ) . Pr[F(v) Av E s]E[PM | F(v),v E s, we

consider the following two situations:

1. Point s € B, i,e, d(s, H(v)) < 2L,

£

We estimate the sum for all s € BY. Notice that the sum is in fact Pr[Cl(v)] -
E[PM | Cl(v)]. We can see that Pr[Cl(v)] can be computed exactly in linear

time. We argue that the quality of the estimation taken on Ny = O(”ff In m)

samples is poly-bounded by considering the following two cases:

(a) Assume that E[PM | Cl(v)] > 1E[PM | H(m)] = Q( ) In this case,
our estimation is poly-bounded. This is because under the condition Cl(v),
the maximum possible length of any minimum perfect matching is O(’”TD).
Hence we can use Monte Carlo to get a (1 + ¢)-approximation of E[PM |

Cl(v)] with O(mzfs Inm) samples.

(b) Otherwise, we assume that E[PM | Cl(v)] < sE[PM | H(m)]]. Let V; be
the collection of these nodes. The probability that the sample average is
larger than E[PM | H(m,)]] is at most poly(=) by Chernoff Bound. The
probability that for each node v € V{, the sample average is at most
E[PM | H(m)]] is at least 1 — poly(=) by union bound. If this is the case,

we can see their total contribution to the final estimation of E[PM] is less

than eE[PM | H(m)]||Pr[H(m)]. In fact, this is because

> Pr[Cl(v)]-T, < > Pr[Cl(v)]-E[PM | H(m)]] < eE[PM | H(m)]||Pr[H(m)].

veVp veVp
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The second inequality is due to the fact that ) _, Pr[Cl(v)] < m —
ZUGVO po(H(v)) < = < ePr[H(m)].

2. Point s € P\ (B, UH(v)), each term has d(s, H(v)) > 422 The algorithm uses
d(s,H(v)) as the estimation of E[PM | F(v),v E s|]. Note that the length of PM
is always at least d(s, H(v)) —mD > (1 — £)d(s, H(v)). This is because such an
instance PM contains a path from s to some point ¢t € H(v) deleting no more
than m segments of length at most D (each segment is in some H;). On the
other hand, the length of PM is at most d(s,H(v)) +mD < (1 + £)d(s, H(v)).

So it is a (1 &£ ¢)-estimation.

6.8 The Closest Pair Problem

6.8.1 Estimating kth Closest Pair in the Existential Uncertainty Model

Again, we construct the HPF W(P). Let the random variable Y be the largest integer
¢ such that there are at least £ point collisions in I';. Here we use a point collision to
denote that a pair of points are present in the same component. Note that if there are
exactly ¢ points in a component, the amount of point collisions in this component is
(;) We denote as I'(#j) the event that there are exactly 7 point collisions among the
partition I' on P. Similarly, we can rewrite E[kC] by E[kC] = 327" Pr[Y’ = iJE[kC |
Y =i

We use dynamic programming technique to achieve an FPRAS for computing
E[kC]. Note that conditioning on Y = i, the value of kC is between d(e;) and m-d(e;).

So we only need to show the following lemma.

Lemma 129. We can compute Pr[Y = i] in polynomial time. Moreover, there ezists

a polynomaial time sampler conditioning on Y = 1.

Proof. We denote Fla,b] (1 < a <i—1,b < k) the event that among the first a

components in I}, there are exactly b < k point collisions. We denote the probability
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of Ela,b] by Prla,b]. We give the dynamic programming as follows.

LIy o, (1Y) < b, Prla,b] = 0. If b =0, Prfa,b] = [[;<,, Pr[Cy(< 1)]. If

2
b <0, Pr[a,b] =0.

2. 13 e, ('91 >b,1 <b <k, Prfa,b] = > o<i<n, PrCa(l)] - Prla — 1,6 — ()]

By the above dynamic programming, we can compute Pr[i —1,{] for 0 <1 <k —11in
polynomial time.
By the definition of ¥ = 4, it is no hard to see that we can rewrite Pr[Y = i| as

follows:

Prly =] = > Prip; o (na)]-Prlpg 1 (n2)]- > Pr{l(#1)]

1<ni<|pi [ 1<na<|uf, | k—("M3r2)<i<k-1-(") (%)

Note that we can compute Pr[Y = 4] in polynomial time. We need to describe our
sampler conditioning on Y = i. We first sample the event p ,(nq1) A p,;(ne) with
probability Pr(uj,,(n) A pf y(ns) | Y = i]. Then conditioning on k — (M3") <
[ <k-—-1- ("21) — (”22), we sample the total number of point collisions in I',. Then
we sample the number of present points in each component in I"; using the dynamic
programming. Finally, based on the number of present points in each component, we
sample the present points by Lemma 108.

Using the Monte Carlo method, we only need to take O(Z Inn) independent samples
for estimating E[kC | Y = ¢]. Thus, we totally take O(Z—j Inn) independent samples.

]

Theorem 130. There is an FPRAS for estimating the expected distance between the

kth closest pair in the existential uncertainty model.

6.8.2 Hardness for Closest Pair

Theorem 131. Computing Pr[C > 1] is #P-hard to approximate within any factor

i a metric space in both the existential and locational uncertainty models.
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Proof. First consider the existential uncertainty model. Consider a metric graph G
with edge weights being either 0.9 or 1.8. Each vertex in this graph exists with
probability 1/2. Let G’ be the unweighted graph with the same number of vertices.
G’ contains only those edges corresponding to edges with weight 0.9 in G. It is not

hard to see that
. . o1
Pr[C > 1] = #independent sets of size at least two in G’ - o

The right hand side is well known to be inapproximable for arbitrary graphs [97].
For the locational model, let the instance be G (with n vertices sq,...,s,) with
n additional vertices t,...,t, which are far away from each other and any vertex in
G. Let the probability distribution of node v; be p,,;, = 1/2, and p,,;, = 1/2. We can
see that in this locational uncertainty model, the value Pr[C > 1] is the same as that

in the corresponding existential model G.

]

Theorem 132. Computing E[C] ezactly in both the ezistential and locational uncer-

tainty models is #P-hard in a metric space.

Proof. Consider a metric graph GG with edge weights being either 1 or 2. Each vertex
in this graph exists with probability 1/2. Note that

E[C] = Pr[C = 1] + 2Pr[C = 2] = (Pr[C < 1] — Pr[C = 0]) + 2(1 — Px[C < 1))

Computing Pr[C = 0] can be easily done in polynomial time. Computing Pr[C < 1]
in such a graph is as hard as counting independent sets in general graphs, hence is
also #P-hard (as in Theorem 131). So, computing E[C] is #P-hard as well.

For the locational model, let the instance be G (with n vertices s1, ..., s,) with n
additional vertices t1,...,t, which satisfies d(s;,t;) = d(t;,¢;) =5 (1 <i,j < m,i #
j). Let the probability distribution of node v; be p,,s, = 1/2, and p,,;;, = 1/2. It is
not hard to see that in this locational uncertainty model, the value E[C] is linearly

related to the value E[C] in the existential model G. Therefore, computing E[C] is
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also #P-hard in the locational uncertainty model.

6.9 Another FPRAS for MST

W.lo.g., we assume that for each point, there is only one node that may be realized
to this point. Our algorithm is a slight generalization of the one proposed in [71]. Let
E[é] be the expected MST length conditioned on the event that all nodes {v1, ..., v}
are realized to points in {s;,...,s,} (denote the event by In(i,n)). Let E'[i] be the
expected MST length conditioned on the event that all nodes {vy, ..., v,} are realized
to {s;,...,S,} and at least one node is realized to s;. We use s F s to denote the

event that node v is realized to point s. Note that
E[i] = E'[i]Pr[Fv,v E s; | In(i,m)] + E[i + 1]Pr[ Av,v E s; | In(i,m)]

For a particular point s;, we reorder the points {s;,...,s,} as {s; = 14, ..., 7}
in increasing order of distance from s;. Let E'[i, j] be the expected MST length for
all nodes conditioned on the event that all nodes are realized to {r;,...,r;} (denoted
as In'(i,7)) and Jv,v E s;. Let E"[1,j] be the expected MST length for all nodes

conditioned on the event In'(i, j) A (3v,v E ;) A (3¢, 8" E rj). We can see that

E'[i, j] =E"[i, j]Pr[3, 0" Er; | In'(4,5), v, v E 1y

+E'[i, 5 — 1Pr[ Av,v Ery | In'(i,5), Jv,v E 1y

It is not difficult to see the probability Pr[3v’,v" & r; | In'(i,),3v,v E 7] can be
computed in polynomial time. Here we use the assumption that for each point, only
one node that may realize to it. Moreover, we can also take samples conditioning on
event In'(i, j) A (Jv,v E r;) A (F,v" E ;). Therefore E"[i, j] can be approximated
within a factor of (1 £ ¢) using the Monte Carlo method in polynomial time since it
is poly-bounded. The number of samples needed can be bounded by O(”;—?;Q In m)

We can easily generalize the above algorithm to the case where E?Zl pij < 1,
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i.e., node ¢ may not be present with some certainty. Indeed, this can be done by
generalizing the definition of In(7, j) (and similarly In’(4, j)) to be the event that each

node is either absent or realized to some point in {r;,...,r;}.
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Chapter 7 Concluding Remarks

In this dissertation, we study two famous stochastic geometry models, the locational
uncertainty model and the existential uncertainty model.

In the first part of the dissertation, we study how to construct coresets for dif-
ferent stochastic problems. We initiate the study of constructing e-kernel coresets in
stochastic geometry models. We consider approximating the expected width (an e-
EXP-KERNEL), as well as the probability distribution on the width (an (e, 7)-QUANT-
KERNEL) for any direction. We provide efficient algorithms for constructing such
e-kernel coresets in nearly linear time. Our e-kernel coresets have a few applications,
including approximating the extent of uncertain functions, maintaining extent mea-
sures for stochastic moving points and giving PTAS for some stochastic shape fitting
problems.

We also study another two important stochastic geometric optimization problems,
the k-center problem and the j-flat-center problem in stochastic geometry models
in Euclidean spaces. We first think each of the stochastic problems as a certain
deterministic problem over (exponential many) all possible realizations (each being a
point set). By this view, we introduce a new notion called generalized coreset, which
is a collection of realizations (instead of points for coresets). We also propose a new
framework for generalized coreset construction. By the framework, we provide the
first PTAS (Polynomial Time Approximation Scheme) for both stochastic geometry
optimization problems, which generalize the previous results for stochastic minimum
enclosing ball [88] and stochastic enclosing cylinder [66].

The second part of the dissertation is to estimate the expected value of a variety
combinatorial objects over stochastic data. Several geometric properties of a set of s-
tochastic points have been studied extensively in the literature under the term stochas-

tic geometry. For instance, it is well known that if there are n points uniformly and
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independently distributed in [0, 1]2, the minimal traveling salesman tour/minimum s-
panning tree/minimum matching visiting them has an expected length ©(y/n) [21, 28].
Compared with results in stochastic geometry, we focus on the efficient computation
of the statistics, instead of giving explicit mathematical formulas.

We study the problems of computing the expected lengths of several combinatorial
or geometric optimization problems in both models, including closest pair, minimum
spanning tree, k-clustering, minimum perfect matching, and minimum cycle cover.
We also consider the problem of estimating the probability that the length of closest
pair, or the diameter, is at most, or at least, a given threshold. Most of the above
problems are known to be #P-hard. Caused by the high variance, we can not directly
use Monte Carlo method to estimate the expected value. Thus, we develop two new
techniques: stoch-core and Hierarchical Partition Family (HPF). Both techniques
are used to decompose the expectation of certain random variable into a convex
combination of conditional expectations, such that each conditional expectation has
a low variance. Combining our new techniques and Monte Carlo method, we obtain
FPRAS (Fully Polynomial Randomized Approximation Scheme) for most of these
problems in stochastic geometry models.

There are still many open optimization problems over different stochastic models.
In this dissertation, we study the discrete stochastic models. In practice, the distribu-
tion of point locations often follows some continuous distribution in practice, such as
GPS system, robot control, and so on. Many fundamental issues in this domain, such
as many classic geometry computation and optimization problems are still not well

understood by researchers. We believe it is a fruitful direction for further research.
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