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Some Linear Algebra, PCA, Eigenface
ף Һ №№



ԋӗ Least Square

Least square problem (LS)
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ὃὼ ὦ ὃᶰὙ (m points, n dimension)

Ὢὼ ὃὼ ὦ ὃὼ ὦ ὼὃὃὼ ςὦὃὼ ὦὦ
Let ​Ὢ ςὃὃὼ ςὃὦ π

ὃὃὼ ὃὦ
If rankὃ ὲȟὃὃis invertible, so ὼ ὃὃ ὃὦ

Moore-Penrose Pseudoinverse if rank(A)=n

Note: if not full col rank, we need to solve the problem in the row subspace. 
Can do it via SVD.

Ҍ ↓ ̆ ױ Ҭ ‗ ̆SVD˻



ṿ№ SVD

Moore-Penrose inverse

SVD: 8 ὟὛὠ

ὢ ὠὛὟ

The solution to LS problem
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is still ὢ ὦ

Orthonormal rows
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Orthonormal cols
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A basis of col(X)
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₃ᵥ Geometric View

Now let us derive it geometrically. Consider the subspace spanned by 
col of X: col(X). X↓

So ὢὸɴὧέὰὢ. ὢὸὦ is the dist between ὢὸand b

Def: ֜ orthogonal projection operator (onto ὧέὰὢ

(projection: ὖὖ ὖ; orthogonal proj: ὖ ὖ )

ὖ ὟὟ ὃὃὃ ὃ 536636635

here we use ὃὃ ὃ ὃ

₃ᵥ Geometric intuition: consider ὖὸ ὟὟὸ
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₃ᵥ Geometric View

֜ Orthogonality

ὸ ὖὸ Ὅ ὖ ὸshould be orthogonal to ὧέὰὢ

For every ‘ȡ
‘ Ὅ ὖ ὸ ‘ ‘ὟὟ ὸ ‘ πȟπȟỄȟρȟỄȟπὟ ὸ π

ҹָӇ ֜ ץ Why orthogonal Projection is the minimizer?

for any vector ὺɴ ὧέὰὢȟ

ὺ ὦ ὖὦ ὺ ὖὦ ὦ ὖὦ ὦ ὺ ὖὦ
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ὦɴ ὧέὰὢ
ὧέὰὢ ṒὙ

ὦὺ ὦὦ ὦὺ
(Pythagoras THM)
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Һ №№ Principle Component Analysis

ÅFirst principle component: the direction that maximizes the variance (which is the first eigen-
vector of the covariance matrix  ὢὢ)     ὢᶰὙ (m points, n dimension)

ѿҩҺᾝ ̆ ̕ ѿҩ

Å2nd principle component: the direction orthogonal to 1st PC and maximizes the variance

ԋҩҺᾝ ̆ҍ ѿҩҺᾝ ̆ ̕ ԋҩ

ÅDimension reduction: project to the first few PC

̔ ⌠╠₃ҩҺᾝ ҉



Eigen-face [Turk, PentlandΨфмϐ

ÅTreat each face as a vector

ÅEigen face: just principle 
componentsҺ №

1.Detect whether a figure is a face (see 
the distance from it to the subspace 
spanned by the first few PC

ѿҩ ҩ



Eigen-face

1.Detect and locate a face in a figure (like CNN) ᵝ

2.Tracking movement of a face ꜚ

3.Reconstruct occluded image (ask student)
ÅDictionary learning ῖ ӟ



ף Code for SVD and PCA

ÅLet X be the training samples

SVD for X
SVD№ X

Compute covariance matrix

SVD for covariance matrix
SVD№

Projection to the first k cols of U
PCA for X where k is the number of features
that you want to reserve
⌠U ╠k↓̆k Ḡ



Convolutional Neural Network



Convolution

Å ѿ 1d convolution (continuous):

Å ѿ 1d convolution (discrete):



Convolution



Random Vectors in High Dimension

ÅPick two i.i.d. n-dimensional Gaussian N(0,I) X, Y

n № Ҭ ңҩ

As n becomes large, X and Y are nearly orthogonal (i.e., ὢȟὣ π)

n ̆ңҩ ֜

ÅPick two points X, Y uniformly randomly from n-dimensional unit sphere

n № Ҭ ңҩ

As n becomes large, X and Y are nearly orthogonal (i.e., ὢȟὣ π)

n ̆ңҩ ֜

ÅFor two points X, Y, if ὢȟὣ is far away from 0, they must be highly correlated. 

ὢȟὣ Ҍ 0̆ X, Y̓͂

High dimension phenomena ςnot true in low dimensions  ҩ ̆ ᵞ Ҍ



Basic architecture 

Å Example Architecture: Overview. We will go into more details below, but a simple ConvNetfor CIFAR-10 classification could have the architecture [INPUT - CONV -
RELU - POOL - FC]. In more detail:

Å INPUT [32x32x3] will hold the raw pixel values of the image, in this case an image of width 32, height 32, and with three color channels R,G,B.

Å CONV layer will compute the output of neurons that are connected to local regions in the input, each computing a dot product between their weights and the 
region they are connected to in the input volume. This may result in volume such as [32x32x12].

Å RELU layer will apply an elementwise activation function, such as themax(0,x)max(0,x)thresholding at zero. This leaves the size of the volume unchanged 
([32x32x12]).

Å POOL layer will perform a downsamplingoperation along the spatial dimensions (width, height), resulting in volume such as [16x16x12].

Å FC (i.e. fully-connected) layer will compute the class scores, resulting in volume of size [1x1x10], where each of the 10 numbers correspond to a class score, such as 
among the 10 categories of CIFAR-10. As with ordinary Neural Networks and as the name implies, each neuron in this layer will beconnected to all the numbers in 
the previous volume.

http://cs231n.github.io/convolutional-networks/

input Conv+ReLU

32

32

3

32

32

12

12

16

16

pooling FC

10

10 classes

http://cs231n.github.io/convolutional-networks/


Receptive
field

A depth column

A depth slice (share the same convfilter ῍֣ )

῀ ⱴ Zero padding the boundary of input

Ὂ: size of receptive field

ὖȡÚero
padding

Input:ὡ

Ὓȡstride

# conv layer neurons= ρ



Convolution Layer

5

5

2

3

3

3 9 parameters

Filter ὡρ

Filter ὡπ

Stride=2



Pooling Layer

-fractional pooling: randomized ρ ρȟρ ςȟς ρȟς ςpooling№ pooling

-all convolutional Netῃ ̂ pooling̃



Ҭ BP in CNN
‬ὒ

‬‫
‬ὒ

‬ώ

‬ὒ

‬‫

‬ὒ

‬ώ
ẗ
‬ώ

‬‫

Can be viewed as

Grad flow

‫



A Hierarchy of Features

ÅToy training images



A Hierarchy of Features



A Hierarchy of Features

Layer 1

Layer 2: 

Layer 3: 



Visualizing CNN



DeconvNet and Visualizing CNN[Matthew D. Zeilerand Rob Fergus]

Try to figure this by yourself!

Deconva ReLUlayer

ώ π

ReLU

ώẗὊ

filter

If the gate is activated, the previous layer ώẗὊ

In fact, this is a convolution operation again

Conv filter Ὂ(vertically & horizontally reversed) 







T-SNE [van der Maaten, Hinton]

Åt-distributed stochastic 
neighbor embedding
ÅA nonlinear dimension 

reduction 

ÅThink the CNN code of an 
image as its feature vector 
(highly nonlinear features) 

ÅTwo images are closer if 
their CNN codes are closer 
in the feature space



Some popular CNN architectures 
ѿ֓



LeNet(Lecun-98)



Alexnet

Åhttps://github.com/BVLC/caffe/tree/master/models/bvlc_alexnet



VGG Net [Simonyan, Zisserman]

ÅImplemented in Caffe

ÅYou can download the weight from http://www.robots.ox.ac.uk/~vgg/research/very_deep/

ÅIn Tensorflow: https://www.cs.toronto.edu/~frossard/post/vgg16/

VGG16

Top-5 error in ImageNet (1000 classes)

http://www.robots.ox.ac.uk/~vgg/research/very_deep/


GoogleNet[Szegedyet al.]

Åhttps://github.com/BVLC/caffe/tree/master/models/bvlc_googlenet



ResNet[He et al.]



ResNet[He et al.]

Stack many plain layers may even increase the training errorⱴ ᴪ ⱴ

ResNet

More generally ώ Ὂὼȟὡ ὼ
where Ὂcan be a general function e.g. Ὂ ὡ‏ὡὼ in above

We hypothesis Ὄὼ is close to ὼ



ResNet
ώ Ὂὼȟὡ ὡὼ

56
56

64

56
56

128

128

2828

28
28

128

Stride=2

Stride=2

Stride=2 output size halves

ὡ

ὼ





ResNet

Åhttps://github.com/KaimingHe/deep-residual-networks

ÅA later improved model has 1000 layers

https://github.com/KaimingHe/deep-residual-networks


Fractal Net [Larsson et al.]

ÅThe network is defined recursively

ӈ

ÅInstead of adding shortcut, FracNetprovides a 
combination of short and long paths  

ᶫ ȁ
Å neural information processing pathway 



Fractal Net

ÅDrop-path: a generalization of dropout dropout



Performance



Stochastic Depth [Huang et al.]

Å ResNet Ӟ Very deep residual network: very hard and very slow to train

ÅIdea: randomly drop a subset of layers (treating them as Identity) (for each mini-batch) ѿ֓
̂ ױז ҹ ̃

ÅAllow one to go beyond 1200 layers

ὴ:survival 
probabilities



Stochastic Depth

Åhttps://github.com/yueatsprograms/Stochastic_Depth



Applications



Ἕ Image Reconstruction [Mahendran, Vedaldi2014]

ὙὼȡǊŜƎǳƭŀǊƛȊŜǊ ǘƻ ŜƴŎƻǳǊŀƎŜ άƴŀǘǳǊŀƭ ƛƳŀƎŜέ
Ὑὼ ὼ (e.g. ‌ φ

Ὑ ὼ В ὼ ȟ ὼ ὼȟ ὼ
Ⱦ



Ἕ Image Reconstruction



Ἕ Image Reconstruction



Ἕ Image Reconstruction



Ἕ Image Reconstruction

Åhttps://github.com/aravindhm/deep-goggle



Deep Dream



Deep Dream

Åcaffe



Deep Dream



Deep Dream



Deep Dream



Neuralstyle[Gatyset al. 2015]



Neuralstyle

1. Try to match the content from the original figure ῤ
2. Try to match the style from the art work ᵬ

Correlation of filter response



Neuralstyle

Ễ

Input image
Ὠ

Layler ὰȡall response can be stored in tensor Ὑ
flatten it into ὊᶰὙ (ὃ ‫ Ὤ

Ὠ

ὃ

Ὂ



Neuralstyle

(find an image)

ῤ Matching the content.

loss: ὒ ὴȟὼȟὰ В Ὂ ὴ

ὴ̔ given input image, ὼȡwe want to generate ὼ, ὰ: layer ὰ

Ὂȡfeature representation of ὼin layer ὰ

ὴȡfeature representation of ὴin layer ὰ

How to get ὼ? ∆ Ῥ Ҋ ף

initially ὼN white noise

iterate GD (the network is fixed, but ὼis variable. So ​ὒis well-defined

ὼᴺὼ ‗​ὒ

Ὠ

ὃ

Ὂ



Neuralstyle

Matching the style

῏ Feature correlation

ὋᶰὙ

₱ Loss function: 

ὒ ὥȟὼ В ‫ В Ὃ ὃ

ὥȡart work, ὼ: we want to generate, ‫ȡweight for layers

Ὃȡfeature correlation for ὼ,  ὃȡfeature correlation for the art work

ѿ Training is the same (start from white noise)

Overall loss: ὒ ὴȟὥȟὼ ‌ὒ ὴȟὼ ‍ὒ ὥȟὼ

Ὠ

Ὠ

ὃ Ὠ

ὃὊ
Ὂ

Ὃ



Neuralstyle



Neuralstyle



Neuralstyle

Different ‌Ⱦ‍valueMore focus on contentMore focus on style

Style more 
Local

Depending
on size of
receptive 
Field

Style more
global

Which style layer to 
match


